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Traffic Flow Theory

Macroscopic Variable

·Traffic Jam isa traffic wave.
·Traffic jam moves backward (sometimes forward also).
· Traffic wave travels blw-IS to -20 km/h.
·

Mathematical theory of traffic flow.

1) macroscopic view -> collection of vehicles laggregates
2)microscopic view -> individual vehicle element

Traffic variables:-
> "Density (S)

1) macroscopic variables
>
2) Flow or Flux (Q)

2) microscopic variables >3) Ang. vehicle speed (v)

tensity-(I): no. ofvehicles occupying given length of the road.
no, of vehicles DN x single l

Lane

length of the road IL I I roachI
I =Acat a instant oftime <

*
spatial quantity (not a temporal quantity)
unit: veh. 1km/lave- for single lane, weh.1km

F (C):No. of vehicles passing atparticular point during
specified time interval. X

a =b
11/

time interialit
>temporal Quantity no, ofvehicles -DIY

Unit: ven. Ihour passing X-X

Abg.ed (K): r =1vi↳ individual vehicle speed.
-> 2

avg. ven. Speed↳
Bothtemporal and spatial Quantity involved.

Continuum Approximation

In macroscopic view, we assume thatthe traffic flow in

similar to the third flow.

Assume I, G, smoothand continuous function
↓

each& every pt.
in the road section

#
I

+
->X

car·

I tim-8 isnot possible tobe

lengthLots offluctuations

·At car length, 1=1 -> continuumhypothesis
↑ L 3) AL=L

f= y3 not valid X

· A road length + continuum hypothesis
Inearly constantnot validX

For A2= 150 - 150m,continuum Hypothesis holds!!

Vehicle ↳> xCX Road => Then continuum hypothesis
Length Length holds true!!

STET

- f(X,t)

s

i

2

car 1L Road

length / length ·=188-150m

Microscopic Variable

I =hm DN
1L-188-158m

AL=car length= 5

I = -vehm = 200vch/km => fam Hensity
Empty Road => I=0

->ordered traffic >
Indian traffic

D

f(x,t) f(x,y,t) Disordered traffic
I↑
a ↑ time (lane changing)long. lat.

longtime dish dizin

>
single lane ordered traffic one-direction

Directional Traffic

* Extensive Quantity:They vary with noof lanes

(9), (G) ->Extensive Quantity
* Intensive Quantity: They do not vary with nooflanes

Nextonian Mechanics -> We can'tapply ithere...
Because there issome delay in the force

when break isapplied by the header. 1, ↓
Follower Leader

Social Forc <

11 -

dzx =f(x,v,ve) f(AX,v),vi)
dist.blu

↓ ↑vel.of
->It refers to new physical factors that toller oelofleader

& Leader

influence human behaviour and decision

making.



1 Time
Headway. Time difference between successive vehicles

ata particular point X

h=tn - tn- 1 3 -[
↓ /
FolNer

Yeader tn
tx -1

X

Total Observation period = AT

421 =t2 - t

123 =tc -ts

No. ofvehicle crossing XX
= xu

Average time headway, I=I, hi
i =T
a=t >(a = 13
↓ ↳macroscopic

microscopic variable
variable

2 Time Gab:Time Difference

betweenback
of

intensiveto front of following vehicle.

time gap tg-tn-tn- tn-/

hg
=tn - tn -1 - Ln -1
-

On -1

Inlength of vehicle u

On -> velocity ofvehicle s

Seriausdemagrain
one
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3 Distance Headway:Distance between front number to front
bumber of successive vehicle at a instantof time.

I >

=->252/S =xn- 1 - 2n 1 n=1u.1⑫ 1
-->

↓ !
Total no ofvehicles = XN

length of the road = AL

Average Distance headaway
5 =Th zsi

=Si = 521 +532

ESi = DL

5 =Y y=1N

J=z
↓ -> macroscopic

microscopic variable
variable

↓ Distance Gap:distance between back number of front vehicle to

front number of following vehicle.

d=xn+ 1
- xn - 1n- 1

macro micro

Q

hi space fixedI

r i= 5 time fixed

d

I

Traffic Data

Two kinds of  data

)observer inside the

vehicle
I Lagrangian sensing Traffic Data.
2 Eulerian Sensing Traffic Data.

Lagrangian Description

ex ↑ ↑
MaterialDescription

t=0 t=At
x

v =;a =

dee
(2,t)

I Trajectory Data (All the vehicles)-
>Fix camera outsidethe system.

Isample:100%)
2 Floating Car Data (Vehicle Navigation system)

> (sample:small) LiDAR, RADAR

Eulerian single loop detector time of crossing
& all.

me- double loop detector - yes,
also

-

-

t=8
->

X t to

-I
spare is fixed

cross sectional data (loop detector) t=It

Finding traffic entities from vehicle trajectory data

tg

given s
ve plan pens... iAt a ↑

X
time headwayh = tn-tn-1

" : time gap tgtn-tn-

I

A

I

↑ !
X

tu- In

Time >

vens ich
2

ie....-

Xn

dxnit distance headway = X-Xn+
distance gap = Xn-Xn-1

-
A
⑧
A

↑

X

timeI -At a given't



No.of Veh.

Flow,a ==

-
-

k -

Time > DT- observation period.

No. of veh

↑

observed length Demity,9 ==
↳ AL

r.
t

Time
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single lane road...
XX =100m

macroscopic models -> For continuum hypothesis:

microscopically large (consider enough no. ofvehicles)

macroscopically small (traffic dynamics does notvary
significantly)

100pDetector

-
·

S*
Region:[05,305] x 21800m, 1200m)

rems

Usms =m = ... m/s

↳ In modelling we use the SMS speed mostly.

Loop Detectors #Assume speed constant

GLE OOPPCTOR
Measure the entry and exit times toand t

>
> Loop Detector

tO t
1/

2/

Entering leaving
time (+0 time It')

occupancy time = t1 - to
time headway (n)

=to-tn-1
I a

entering time entering time
nth vehicle (2-1) vehicle

timegaptntfrom single loop deter

DOUBLEPCTOR-

composed of two (or more) induction loops separated by a fixed distance.

> distance blw looks

vehicle speed, vi =Xxroops time difference

Itspoops - Itscrops -> bw passing the
two loops.

vehicle length =vi(t-ti)
time headway =h

=to - ti.
Follower leader

I
time gap blue rear and front bumper-to- t1 -1

=
h - Vi-1

ei-1
distance headway, s =vi

h time

headway
distance gap blw rear and frentbumpers= s - li-1

↓

distance

headway

single vehicle data as measured by an inductive loop detector.

TNS SMS

Time Mean speed (TMS) space mean speed (SMS)

UTMS = Ev; Osmst
Total Distance

Total Time

(x-fixed) RSNS = AX +1X +.... +AX
=

uΔX

observation period =AT
1X
+x+ +.... +* 1x(z,)1I

VCMS = n

z(v)
· Arithmetic mean speed · Harmonic mean speed

Ysms < XTMs, where equality holds it speeds are identical.

(no acch)

XX Ax-small

observed time =Dt continuum hypo holds

length
=

1X macros. large
micros. small



#AFFIC SITY (f) Q=TR + Fundamental
Relation in

Distance headway
Traffic Flow Theory

120m

↑
lane2 I

>

lane I
>

I ↓ I

60m >120m +3124.-7= 0 =a6Yeh.InDistance headway ButI calculated Itsveh
This means calculated I

iserroneous.

flow
f(X,t) = 0(x, - speed

lane 1 = 144 kmph =40m/s > di = 120m

lane2=72kmph=20mls > d2=60m

hi = 120m
= 3 sec he=60m = 3 sec

40m/s 20m/s

①, =t = 5 ven)sec. Q2=t =veh.(se.

Total Flow= Gtotal =G1 +02 = veh./sec.

PTMS= 1 (40 +20) = 30m/s

I
= total= =

=I'vebeen

UsNS =n=1o
=26.67 m/sec

f = total
=

x26.67
=

<Itis matching with
the actual value.
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15 km

& 1 TT, = 10 min 1 -60 kmph
2

↳/ TT2 = 20 min 2- 20 kmph

↓ Total travel time = 40 mins

20kmph/
60 kmph

PTMS =
1
(60 +20) =40 kmph

↑ = 30 min

USMS =
2

= 30

1 +2060

Total dist.=TT =(10t0)=USMS

Floating curve > can find only speed,travel time,etc.
Data (FCD) > Intrinsic data can only be found

> can't find density. How,etc. extrinsic prop.)

Trajectory Data can find everything (a,3,0,
Travel time,etc)

# FCD->sample size is low.

* Traffic wave alwaystravels 15 kmph (universal speed)

Fundamental Relation AX-macroscopically large

x X microscopically small
K > X

t =to
X

X

ty -It

X

a= I

I= AN =>$N= JAX Put in Pabove

① =11X > SMS

AT

Q =IR -
This i is sais (space mean speed)

* True for higher models as well. Won't change with models.
Q =TV

v =f(f)

a

converting into one variate

f l

Of =f (d) microscopic!

If j)converting to
macroscopic!

↑ X5 I speed Density Diagram

>upto certains', o= constant
vn

v!
X

free flow

speed - standstill
->
condition

>
scritical Fjam I

①is & Flow Density Diagram
① N Mostly used for Traffic Flow Theory
Q
max

Icr =25xeh.1km
↓

Ver = 90-80 kmph

capacity ↳
criticals for which we
speed generally getthe

>
scritical Ijam I for or max speed.

0x speed Flow Diagram
kn

Of
->Tw0 values fora Q > Nota function -> Mathematically not a good plot.

>used mostly because bothof them (0,0) are easy to measure.

stand still >
condition



Lane changing
3 lane road 2 lane road

a
road

v/

X

- B 2 -

M M M M

⑦

Erinin
⑦

Evi:
⑦

8000000000
3 X Q(A,B,D) ⑦

00:
· 000000.

300

I
7

I
7

g(xf(x,B,4) I
7

M M M M

r
0000 0000 0000000000000 000000

000

0000 000.

7 7 7 7

I

flo (2.5 lane) flow

jo2.5 Qcapacity Itane 29

capacity

①slane =0zane => Plane
=

Ex Plane
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①
①max

↳

maximum

capacity

>
<
FREE REGION

>
CONGESTEDREGION

7

I
Icritical

I - -
STABLEREGION UNSTABLE REGION

- ,
Direction of traffic

I
↑ ,

Direction of traffic

t =to t =to + At

t:to +At t =to

> <

>X >X

FREE REGION (S (Id CONGESTEDREGION (9792)

propogation of rel. = Tve propogation of rel.=-ve

- -
t =t1 t =t 1

t=t2 t =t2

maintain the shape -discontinuity7

>X >X

STABLE REGION UNSTABLE REGION

① >eYo 9d
①max 1

↳

maximum
1 -

veh-speed=?Q = fx =)x =b
capacity

The slope of this point from origin will give free flow speed.

lo
r=1

=

02- =02
=

a

92

>
<
FREE REGION

>
CONGESTED REGION I
Icritical

I - -
STABLEREGION UNSTABLE REGION

Green - Shield Model

pN
P =v-1 - -

max

f= 0 jv
=of

> I=Imax;v= 0

I

Q =yR f=0;G =0

Q =f01
-1 I=Imax;G =0

Smax

① =u7 -1
Imax

d0 =01
-

reax

0 =0
=

1 - 2 =0 =z =1 => f =smemax

characteristic speed, a =d
v =f

v=0 f 1
-1 =Pt 1 - jmax

Tmax 29max

u =p1 - 1 = ⑦

Scr

:New - f
Imax

>9

2

Qv =ScrUcr =Imax+y=
Smax Pf
4

Simpson’s Paradox
It is a statistical phenomenon thattells thatthe datain
different groups will show a trend butall the groups put

together (data puttogether) thatmay show a different trend.

M

Simpsons3-> ·
-
car in free traffic state

⑨Paradox
·

0. truck in the tree traffic state
·a ↓
o@

⑥ ⑥ 08%0 -9 truck always travel lover speed
O · 000 o

than can
⑧ o · &

o · ·
o

o & 0000
o

. . .
E < o

&
& &

o o a
②

>

I



Continuity Equation (conservation of vehicles)
&

Til
/

~

- /

Minnellys
< >

X AX X+1X

Q(X)K
Flowin Flow out

> G(x+1X)

Number ofvehicles, N =IAX

Rate ofchange ofvehicles inside the region xx= Flowin
- Flowout

Flowin= G(X) Flowout =G(X+AX)

Rate ofchange ofvehicles inside the region = = 0 (59X)

1 x - very small, use Taylor's series

G(x+1X) =G(X) +200xX > First order approximation
Q (X,t)

8t (jAX) =G(x)
- G(n +1X)

& (sAX) =G(a) - (G(u) + 8bX
1x85 =- 1X8Q
Ot 0x

88 =
- 00

conserved form!

8+ a =0 conservation ofvehicles.

simple yet powerful concept.
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① =f(g)

88 +00 = ⑧ Non-conserved form!

characteristic speed

Q4 ↳c=a =1))

3 -08 =
0

>I
>
characteristic speed!

-de +c(f) = 0

-of +((s) =0 Non-linear firstorder ODE.

Characteristic
Acurve in the X-t plane along which the solution can be
easily defined.

· · ·

x(x,y
X0 X I X2

t =0 t =t1 t =tz

1/

g(X,t) =f(X0,0)
= I(X0)

usually written like this
(convention) t

N

f =f(X(t),t) 11

To
E,

us

xx

de=noSoft
&f
=5 +ondt

I 1 > 2
X
I X2

From Continuity Equation (conservation ofvehicles)

8 +(f)8 =0 >compare with above equ ⑦ a (f) =0
-

> I
Fundamental curve.

x = ((f) and 0 &DE

>
Density is constant along the curve (t-X).

dx =c)) &9 = 0
dt

Sex=JcIsdt I
=constant

X =C(f)t +Co density
->

Att=0,X=Xo = Co =x0 > can easily find from

X=c(f)t +X0 the characteristic curve

X

Xo =x - ((f)t

t
↑

t2 straight line · > Along this curve, Iconstant

g
=f(X,t) =g(X0,0) =f(X- 1(9)t,0)

t, · I
=constant

f(X,t) =f(X0)

& I 1 >x
dx
= <(f) =constant

X8 X I X2 dt

t
N

1

At =slope
=

c(f(X,0))

*InTraffic Flow

Theory,
we'll

-

use only straight line characteristics

X =Xo +((f)t

> x
X0

xsccurve >Why'tusitFor visualization,
itis easy.

· Characteristic speed can have both the and -to values.

A X t X

>x >x

c(f)>0 <(9) (O

N

·g(x)to en
Free Flow
state

>x >x
X0 X 1 f(X0) f(X,)



tN > constant

x =20 +c(0)t

f(X,t) =g(X- c(f)t,0) =f(X - c(f)t)

>x
f(X0)

tr f(x,t)
c =constant

>x

I I·asacres

t= 0 0 do c(81) (((2)

>x ((91) < C(92) x =x0 +((f)t
Xz

sensitydensity L 2(f)t
=x - 20

higher lolNer

t =x - 70

①
a

((9)

Free Flow At=

g(x2)f(X,)
>
9

t Fan like structure
X f(X))

↓ **
f(Xz) f(X,t)

***
a c(9)

t X=x(y)

x
=+2*

>Travel faster t=t(0)

> x t =2
X 1 X2

↓ density density L Expansionwave in

higher lolNer

Traffic Flow theory.
t
X f(X)) uniq,he soon

f(Xz) ·Expansion Flow in Traffic
↓

Flow Theory.
· It ismaking a fan like structure.

> x
X 1 X2

↓ density density L
higher lolNer
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①
X

dssono
2= 10x0

· (
=

0 <0·

Xz
>x j, 92

>
9

sensitydensity
lolNer

higher

t
X

>Multivalue is coming!

shOCK NATS
to

ITN characteristics crossing each other)

> x
X 1 X2

density density>
lsNNer

higher
L

=EFF-
t -

X

7/ 1/

Density congestion Density
to

10( High

> x 8 +0= 0 > This formula
X 1 X2

Won't be valid

density density anymore here!>
lsNNer L

higher
92

sto -do > d

>x C2 < 2,
Xz

spensi density ↓> I
① x

higher
X
-Multivalue is

coming

" ! 79

↓
I

>

9 X

t=t1

↓

>x
XI X2

t= o

I X

!-> >a
· j that's why the formula

87 + -80 =0j i Ot
>x

XI X2

t= o won'tbe valid anymore.

Examplei-
characteristic

do=1
+

speed.

de +1a =0 This
side is called

↓
They travel taster

I
X

t=0- I A t =t, ap =a->

1 * satpsi:
NGX2

-> 7
->

-
->ShOCR

->
-

-

↓ x x

They travel
slopes

> > ↑ oThisside
is called

· --+
values thatany move a function

↓
HON to fixit?

>x ((X3) -> Not a function
-

will teach in

next class.

Repeatlastclass

-
Flux

·

Why isalways from veigin, r
=

1
=

o-pensity
a
-

-characteristic↑ Al

R
19,0) speed isou've creating small

perfutations them how willit affecttheI)
-> traffic How.

empty I very
road small

r=equilibrium speed (xchicle speed)

⑧

- all vehicle

travelling
same speed (want to travel)

Q Of Green shield'sModel
* i

R =P+ 1 -1
I Imax
I

I Siam

ofvehicle speed isvehicle speed), 0

E

↳
never

goes below zero

-

->
characteristics

->it can take bothI
%

↳
speed

-Pf - ⑧
+ve and-ve value.

in dish
of traffic againstdir

of traffic
↓ ↓

in free state in congested state
c take the value (take-ve value



Gradient Catastrophe small changes in the environment can cause the model to produce vastly 
different outputs, leading to unpredictable and potentially dangerous behavior.

N M

I I higher
c higher

> 7

e
I-lower

inan
CX

C-lower

- >
t =0 x t =t 1 x

Eg" no more valid!
de

>0

M dx M

I 94cM I
ShOCR

/ Wave=itware
? 2 function.

Not valid
mathematical

--

t =t3 -x t =+k
>

8 +808 =0 =c=
characteristic sped a

A

.. t =t2
It ->Ato

-

I
a mediumhe

highte
9

217227C3

"Is
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↑

- -

↳ G 000

Practically this
↳ 000 coursesare

00 a

C -

o u a o 08
cannot happen! o ~0 ca ·

7

X
-

7 single Lane noertaking-

passing is
not allowed

Example

+St =8 =1 -characteristicspeed.

f(x,0) = x + (-c,c

E ineenatso,as
->

8 -1=

0 =0

t a d ==1-se

t =1 B

! -
I

I

!! >X

At t= 1, all ofthe characteristics meet

↳
Breaking Time.

t= 1 ->Breaking Time
t<-> smoothand unique solution.

+21 -> multi-value

t X

*+0 =
0

" Differential

1

conservation
Form

! ! > X

Doesn'thold when

**Acharacteristics meet.
Differential form
-↳Notvalid.

Integral form
↳Valid! ShOCK Wave

I- piece-wise smooth

t X i) function +bco side-cent
right side -> cut.

In thisregion,

!; x x

-- discontinuous, function.

Letsdevice integral form of conservation of vehicles.

#XI
venties-N=Number of vehicles

vacated

Emptyegion overlapping
↓
Newly occupied

1 a region
region

At t= to,

#
> NR
-

Ra

It
A =to +At

A=tx

N=S8dX
Rate of change of vehicles present in the systemN

dt

NHost-NIzo

N=limAt - y At

Nt +xt =NI
-

N -to +At

M(to +At =NR - Nz +N
to +At

dA = lim (NR-M2 + NI
to +st
- NR

toAt->8

At

=MRIzo +st-
NR/0 fe NIlote

At

-NR lim NI | ts +At
At-5

A t



MINR + hin
N to+At - lim MI(to +1t

At-8

At *t

8 =aR+tim NH/As lim MI(to +1t
At-8

At At

N* =Jeax)to +At
-

Region
->v

=1/dx
***

=91XI
At-> small

=frAt ① Qout

/ ↓,RN / 1) RNT
t =to

x x +AX
① out

1- AX->1 AX

RIRIT RI

/↓xy.*
N -> vehicles inthe system to +At

Put
Rate ofchange ofvehicles in the system

=dN =lim M(to+1t
- N/toIE At- 0

At

M(to+at =NI +N( to+xt
N( to +15 =NR - NI +N#(to +At
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NI = NR -NI

* =B(Y -NI +N/10+st -NR/to]
A t

= lim
-
lim

X+ -8 NRt A+soit+t
NI= (CdXto+At
-region H

* =dR + M1 t0 +Bt -m
At

0 =dx +him tot

NR= Sedx-lim Itotht
imItott NIT 10+xt

=9/dx

N#1 t0+pt=(edx(to +$t) Sdx =bX
macroscopic speed N#10 +s+ - XX

It= small n-same speed

I= constant AX=Rxt

NI/t0+st = fUAt

him No+e+= JUDt= f4 -> RegionAty

At At

-Gokt

Shock wave

lime NI/ to +1t - jest=yu regiont= OI1)t -0

At

NIto+st = Sed (region I
At +small

It constant
=9/dX

e+constant => I4X=JRAt

8=(dx + Gout-Qin
e
-

(3dx= Qin-Gout
Final

↓Integral Form!!

dx = Qin-Gout

Coming back to shock Waves -> ·
-> shock characteristic

-

R curve dic

t M ⑰X shock

I 92 -- ---- Two densities are
Wave

Si I t =0 I tb coinciding at
speed.

! i
breaking i breaking point.
time

7 >
x1 x2

x
Ri 22 2st x

A C2
① (1)2 + a

92

"I ! a I, i3->Jump
o = op
Ox

-
I, 52
I

7
2st x

Jump Discontinuity is there.
at t = tb

Shock Waves
N
I

I 3

I

t=0

>x-2

①N
C2 C1>C2

Cl ·
I

I

!i 92 >I
shock characteristic curve
di
-

At > shock wave speed.
t
M

7
-No demities are coinciding at the

tb----
X - breaking point.

breaking
time

"st
N

I 32

I, 13 Jumb ·

2St
>x

· jump discontinuity is
there

att =to (breaking time)

N 92

I
31 -

>H

t>to (breaking time



Derivation of propagation velocity
ga 91

"Yaa=ain-Qout
dt

↓
finite

32 value
R!

!
not? Suor 3dX=Area under the curve

L R
-x ↳

t=to Yes, thisinterval

have finitequantity.
In Q,91 -change in the arra

!
!

Q2, 92

-x
L R

t=to+At

91

Jedx= Area =19,-92) BisEx WS

/edx= change inarea at time interval dt.

92
k x
DX AXs= w,dt

R

)3dx= rate ofchange ofarea
=

(9-52) BX= (11-12) Wsdt =(D-12) Ws
At At

Jedx= (8,-92)ws [sax=ain-oot)
Qin-Qout= (1,-92) Ws

Ws=
Qin-Dout shock wave speed-s
9, -92 dt

Propogation of shock waves.
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· The propogation velocity of demity variation (CS)= isgiven

by the slope of the fundamental diagram.

· The propogation velocity of
shock frontsisgiven by the slope

of the secantconnecting points ofthe fundamental diagram

corresponding to traffic on either side of the front.

· Insychicle speed =G(s) isgiven by the slope of the recant

connecting the origin
with the corresponding pointon

the

fundamental diagram.

In case of
shock waves.

a

·

o-characteristic speed -simulation
Q

⑧

⑧

⑧

⑧

D

7
I

·When a shock wave occure, perturbation moves forward.
· Vehicle speed -> Always travel forward

Characteristic speed -> Both ways (forward - backward)
· Shock wall ->Different Traffic states not just 1.

I traffic state -> No shock wave

> I traffic states ->shock waves

· shock wave-imaginary/virtual boundary bow two traffic state
- not a real boundary
- virtual -moves with traffic.

N
>
Its slope gives shock wave speed.

Q 191,92) Ws=shock wave speed-slope between two traffic states.

⑧

(02,92)
⑧

-
>
I

N

(a,191) N
x

·
X (Q2,92)it ·2 > C >

Slope =Ws = des t

at No change in slope.
9, <92 as compared in the

fandamental diagram

n s
I

Q2 Seax
I 32

I2 Sedx= Area

·

xxx!
- * S9ax=changein area at

L R 2 time interval dt.

Area = 19-92)ARs DXs= Widt

(Seax) = (5-sc)Wsdt (5-1)Ws =G, -Q2
At

/IdX =Qin-Gout Ws =Q1 - Q2

C
91 -92

shock wave speed-dis
It

· shockwaves

· construct congestion
·

Dynamics
·

Identify differenttraffic states.

W12 W24

1
↑ x

① ②

1
①

184 ---, w2z

⑦ O WI4>0 ③
W12 w,s W34 Wik

6
W,3 3

zji
① !o20 0I >

93 =fjam
to

to + Red t

d13 =w,=tore w/z =0-
> 0

LINR
↓
First order model

W,j =0, - 02 <0 Q =I0

9 -53 f +oOde = 0 vehicle speed
↓

W2z =42- 93 = 0 ↓ measure it fromorigin.
92 - 33 congestion Ws =Qin - Qout I

interentfrom shock wavedynamics 9 - 92 speed

①

① ②
Wiz ②

empty

⑤
- ⑨ - ->

--
--

-

W23 for tot③
①

W13

① ①

t <to t= to t =t|

GREEN
SIGNAL

vehicle speed-I measure it from origin to thatpointin finddiagram.
-

Different from shock wave speed.



↑phenomenon -> empirical data

shock wave theory G =pR

First Order Model S 83 +00 =
0

Oz

①,s, p functional

wid=od v =f(f)

↓ form

Q =IR

G =ff(f)

Greenshield Model

u =x
+(1

-

jax)
8 +09 = 0 macroscopic data

4,9,0,
↓

look detectors

M

anEst<Qcre
.... -

T
!
1
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DoubtfulNotes 1
-
-

③

on-ramp
↑-4 -

-
- - -

-
- -

+<t0 1 ormp
I ④-congestion

①M +Grmp <GC / N ①
X,

Qump ①m
wide moving

-> jam.6.
1 -> i ①

t> to

>

capacity of single lane road. ① m+ Grmp>Qc

N

flow less ramb.

#!
>

occurence ofmoving jams

x(t -t5)

Growing amplitude ofperturbations - Alt)= Ase

↑

Whatdoes sign of

do =cfree growthrate imply?
⑦

x dP =Cog <
0

critical flow
>

ktaskstable" · Free flow
c =

d0 ·fam upstream of
bottleneck

Traffic Hysteresis
Triangle Fundamental Diagram

simple 2ndorder model
I

I

A

Reality
Equilibrium model.

1

N

- I 0 +phase transition

O

>

Q =IR
Q ① Anticipation 3 Higher order model.

a =f(g) -equilibrium & Reaction Time
model

a =If(1)
G =g(y)

A
I

I

I
>wide moving jam

" 7
x> I -
stable unstable

region region

2 Phase Transitions

LNR does not capture phase transitions.
-

-

-
A

O

First order model
"

-

3 LWR-does not capture growing pertubations.

4 LIR-congested (or) jam -> always shows

uniform congestion dynamics.

Traffic hysteresis

Anticipation behaviour

X

· First order model

o =pe
v/

X o =iVe

· > xVe =v.) - max)I equilibrium
X=5yM speed

↓
a =If(9) ↳ parabolic

Assume each

vehicle travel FD (Fund.Diagram)N same speed. Q =g(f)

a
Easy bCO2 its linear and (cong = (free (same slope

Cong =dQ->

C > m
Ctree-do
speed box ofsame slope.

f(x +1) =f(x) +1df
+0(17) ...

f(x+1x,y +Ay) =f(x,y) +Buof +Ayt. ...

macroscopic v(x,t) = v(f(x,t))
speed

>

P(X,t)

g(x,t)

↳ f(x+1,t)



anticipation

v(x,t) =v(f(X +1,t))

f(x +1,t) =f(x,t) +1
f(x +X,y)

v(x,t) =

p(j(xt)Pae
f(x+1)

/BCO2 speed =f(z)
v(x,t) =v(f(x,t))

+box)
d

e
↓

v (y) decrease 2170) (Xe)( -ye)
&(4) Increase 11 1 -Ve)(-ye)

M va A

2 highensity ①
99 ---- I

- X

10Miy ↓

9. I

.

Tire
>

2

>
i

2 I I

M Q =gR ① =fVe

<Ve:2 Q =yr

-
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-->
Average Reaction Time

v(x,t) =v(f(x,t))
X

This isdriver maintaining speed.
x-f(t)

-including reach time
x(t +e)

-= v(x+e),te)x(t
+e) =x(t) +edu =x(t)e

=v(x(t) +ep,t +e)
=P(x,t) +epu +eor

P +evop +e = v(f) v =0+(1 -1
Cequilibrium speed

Imax

v
=f(1)v(f) =ve(f)

(20B +ep ve()r

-(uu +gu)
=ver

->Final Formula

e
->leftterm isacceleration base of chain rule

are
Inote

ofene

↓ ↓
a =p(mt) =noorchainsee

RelaxationTerm

R
A A nigh 2

- Fr --- -

7.
I

~101 I

> "<
I

> speed will be higher
than equilibrium speed.

anticipation

v(x,t) =v(f(X+A,t))(+1)+H
= v(f(x,t)) +Ase

gM a X

R ①
↑

N~ & iiI

· ①
ii,

↓

>
x

I 92
I 5,92

I

Reaction Time

v(x(t +1),t + e) =ve(f) a *ve(s)
&u +yu =ve(f) - r

e vVels)
181N

speed
-> acceleration

gM X

~ ·"+
,

a

i=
1

,·

x

Reaction
time -(x1t +e),t +e) =v(f(x +1,t)) Ston
acceleration

↑
anticipation

equation

der +nor=r(X,t)) +b0s aend- I

↑
accY + Vels)

- R

eN Payne
model
->

Microscopic Model

First order model Q =Tr

Q =fr 3 87t =0
8+200

d

v=f(f) ① stableand unstable region
② phase transition

· capacity drop a
↳ 7
I

i-folloer
i-1- Leader

Macroscopic - collection ofvehicles
positionof speed of

microscopic - driver-vehicle unit 1/
follower
v

follower

ODE:dxi =0, divi
+( xixi-1, 0i,0i-1)

↓
↑ ↑

speed / positionof speed of
i-vehicle index leader leader

TWO type ofmodel: - - longitudinal dynamics- We are

this onlydoingI can Following - laccelerate, de-accelerate

#
I lane changing-cone lane to another lane)
-

*
lateral dynamics

output
->
④

↑ N M

position all speed all accu all

vehicles vehicles vehicles

> > >

time time time



Complete car following model

* In model, we take timegap (and not space gap)
booc time gap gives same gap for differentspeed.

case-I F 1

& >

48kmph 18m
30kmph

0 =&
F L

case-2
< >

10m
80kmph 30kmph

Relativespeed speed difference between leader & follower
=r, .1 - 0;

I representtree traffic

2/1 steady state > represent real acceleration profile
> desired speed (B1)

3 I1 dynamic situations

steady state-so

All vehicle travel at same speed and maintain some gap.

Acceleration =0
I maintain some safety gap.

desired time gapfollow theleader with plausible timegap.

car following model
1 Free Regime (acc)

c modal2 steady state (equilibrium state) output
3 Dynamic situations

Aman Kumar Singh \ IITK

FREE REGINEEMPTYROAD Istop condition

M
a= 1m) sect

>
a =max acch-given by user

a*

L desired speed (80)
modal acc =0

parameter v. >
(not acch)

1) realistic acc profile

↓ 2) desired speed
user give

this value

STEADY STATE

I
standstillcondition

1 minimum gap (50)
time gap (or) space gap
speed-p time gap

Ac <
d

> T=d
⑤

F L R

↳
desired time gap.
=1.5 sec

F h

t=to +At

FL

E=to +2At standstillcondition

distance ↑
↳ S=s0 ++distance gap-↳

↓T=d- distance
desired ↳-> speed
timegap.

close-in

comfortable breaking behaviour
> comfortable deceleration

1.5m/sec2

1

1

Trafficobstacles ...

30

↳
Breaking comfortably

ar

I -stopper
>
All the situations

come under obstacles

·
⑲

BqF ↑ cutting in
M Earlier, B-leader 3then A-leader

↳
qF A B cutting out <

Earlier A-laden 3
* then B-leeder

IDM (Intelligent Driver Model)
↓
social force

S

* =a -

(f) - (5)
model
output

Pcurrent speed sdesired gap

Vo = desired speed s actual gap
a =maximum acceleration S:model parameter

a( - (z))
- a(5/

attractive part repulsive part
↓ 1//

accelerate decelerate
desired

- timegap

S'= 50 + 0T + RxR XP = o- vs
2 ab ↓ -

leader
folloer

minimum gap (standstillcondition) speed speed

b =comfortable deceleration

empty road v=0 s-ar

i =a(1 - (28). - (5)") s= actual gap
1/

L

⑧ s+
a

i =a(1 - (E))) Emptyad
i
=a(1-(i)(
i
=
a

... i=a

1

1

... Simple,Accident Free Model =>That'swhy all researchers
and scientists of autonomous vehicles use thismodes for test.



00 = 60 u =30 I a
i = a1 - 30) *⑦

i =a(1 - 0.5) = 0.5a -

va
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i=a(1 - (-10 - (-))
a(1 - (y)) - a(5)

Attraction Repulsion

5 desired distance

sactual distance

o = current speed

So =desired speed
2 -a model parameter = max.acc

case1:Empty Road starting from standstill condition

5-0

5 -0

i =a(1 -(u)
case- I l
-

u =0

i =a(1 - 0)

i =a
care-2 v = 50 kmph 00 = 60 kmph
~

↑

v =a(u - (t))
i
=a(1 - 0.5) =0.5

Steady state

case-3:0 = 60 kmph
-

00 = 60kmph

i=a(( -(88))
i=0

Homogenous and Equilibrium state

v- vl near steady state
--> constant v (ve

u -> p
l

S =s0 +BT+ 10= 0- ul

·N ↳
negligible

S=s0 +0T Assume Ap -> 0
->
->

i =a - (t)) - (-))
L

0

Assuming itzero (0).

LOM

case-1:p<0e -> steady state F-> L

desired gap =s'- SotoT=sm sismver
actual gap =5= 10m

want to

accelerate

v =a(1 -(5)7)
v(Ol

S'=
so +uT
-

equilibrium term.

v =a(1 - (-(Y)
=a(1 - (8.5(2)
= 8.75a

p>ve

desired gap com

⑭j15,0)=a(1 - 185)
=a(1 - k)
= - 39

Incomplet
I Emerging

② Normal

10 oS = Opse
dynamicequilibrium ->
term



XO= 0-Pl

v =-a() AR = K

->-a(e) --
a

-abseee
Y

Breaking
⑰ Distance

I S L -[ - -

RF =R

b
2
=4+2as

L is- AbudgebFS
o v

- p2 =2bs

b

*

= - bum

E
comfortable deceleration

2

i =-bkm
⑤
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F L

case- 1:very critical

t = to - I would

bkm > b have worked

(4)>(2) v==yk =
-D but follower

applies-8.

Hurry.
F E L IE

to +st

bkm ->

lesser bim(3)
t =to +2t comfortable

1 Normal

b> bkne
# i.e.2

v = - 4

I F i
v =- 1

to +25t

t =to +At /
(3)

comfortable
decileration

Linear Stability Analysis

· Whenever you're proposing a new model, you've to do it.
· If you create small pertubations.
·

Homogenous and steady state

->
All vehicle travel same speed.

1e,a =0, s=constant

Ve = equilibrium speed.

Seequilibrium gap.

->
perturbation

S =se +y/ y <se

v=re +H x<< R

(speed) n
leader

·Leader
· isa · Follower-bamped out case

Follower

1 "
· Follower-collision case

>

t,t2 t

(time)

Decomposing into steady state and perturbation.

s(t)=se +y(t)
P(t) =Ve +U(t)

local linear stability analysis.1

considering onlyleader& follower.

v =Ve

General can Following Model
&x =0, > speed equ 7At

-dvi =f(s,v,ve)- asa re

Si =xi- 1 - xi
- Li- 1

o

dsi=13i--de-e

dsi =vi-1 - v; ↳

>v⑨

pi =f(Si,vi,ve)

Si =se +y(t)

Asi =(se)Todyte

Asmy

dy =r,
- v; Pit =0

=

Ve

-ay =ve
- (ve +n) vi =ve+u

dy = - n



y <Se

x<< r

&vi =f(s,v,ve) Taylor

= f(Se +y, Beth, rel

series!) =f(Se,ve,v) +of y o
①

vi =Ve +1 L
o
L

1

pi =dUcTo,e acc" in
↓ +

fu
+

of (re
steady state
is zero

vie
= of (S-se) offorre

all ofy +ofthe
z

dy--h 1

dufye 2

du = fsyt frh 3

↓Wiffone more time

dry = -u =(fsy +free

diy = - fsy - furthe 7-dy

diy = -fsy-ful-tye)

-dry =- fsy + frdy

dry - fray +fsy0
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dry - fray +fsy0
st files imported form

y=ce ->

-y =
cbest 3 ->substituted2y =cpex

adebt-fu (cdeb) +fs(cebt) =0

cebt(zz - bfu +fs) =0

12-3fp +fs =0 > Characteristic Equation.

d,,2 = fu l fl -1fs

z

general solution ofthisequation
(Linear ODE)

y(t) =c,eht
+cext

Case1:Real Roots

31,52 <0 -> Model Locally stable

(BC02 dyX with time
3
-
f>0

fu<0 fs>0

Stochastic Process 

case 2:Real Repeated Rosts

32,3 = P fr<z
->model locally stable.

y(t) =(,ebt
+tceSt

case 3: Imaginary Roots
d,bz = P + iw

y(t)= tokut+ casinot)
↳ sinusoidal function

·fr0 -> Model locally stable

Random Process

over period oftime

observing random

BernoulliProcess

Bernoulli Trial

success Xi =1 head vehicle arrival

Failure Xi =0 tail vehicle not arrival

v
P
/P.S p

*
I x2 X3 IndependentConex doesn't affect x2)

- W

2 Time Homogenity (Probabilityissame)

Continuous time

Joint Prob mass function P(X,x2,x3)= P(X). P(X2). P(X3)
Joint mass time

uptotime it- single Event
n - trial

K-success

P(n,k) =(u(k)p"(1 -p)k > Binomial Distribution.

/ ↳ Discrete time
no. of k=1 in time interval
time slot k

=2
= E
D

At= lose probability ofsuccess
ofeach interval

> Poisson Process only 1 vehiclep
or oven.P

maybe A ↓
13 vehicles.

<xx3(x)<xxx(*) x x t ⑤
n =noof time internal

emtinuoustherediscrete >make 5-o Discrete time

· continuous time > Poisson Process

· Discrete time > BernoulliProcess

Assumptions:

Independent

2 Time homogenity
3 6 >0

4 J = Probability P(k =1,5) = 68
Time Interval

P(k=0,5) =1- 18
P(k)1,S) =0



BernoullisProcess Poisson process

n =noofinterval.

p:probability of success.
up = no. of vehicles arriving (duration of time to

I (35) = noof vehicles arriving (t)

up =(65)
=t1 => J = m

6 =

uP or p= st
I /

PCK,t) =P(x,k)
continuous time discrete time

P(k,t) = P(n,K) 8-0

=("(k)p(1 -p)"
-1

n -0

n! continuous process=

(n -k)!k!E
+

"(1 - 5th
-1

K n -1

=
nX (n -1) x(n-2) X...(n-k) X....X/ At 1 -1
((x-k)X...x)) xk!

=nx(n -1)X(n - k +1)1t k1 - 6t
n

1 - Jt

-K

k!
n 2

= .nt......(n-
k +

1(t)1 -1
+1 - 1
1

/
- 1 lim (bt)k1 -

1
"1 - st

- K

n ->a k! a

2 - x

lim 1-st lim 1 -
&t

= (t" n ->0 n n ->0 n)

=

((t)K
2
- It

k!

P(k,t) =2
-5+((t)K
k!
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arrival
MIM11 Quene

- How many noofserver

V
> departure (service

M-Memoryles property -> poisson process
poisson
7
process

Tool Booth departure (orservice

-
arrival departure
rate - rate= Hveh/sec.

=xchlsse

-

"((((((((/-=
SFSS S

N =number of intervals

cor)

number oftrail

p(s) = n
n=number ofsuccess

probability
M

= number ofvehicle arrivals

vehicle arrival

at each interval

::
poisson process

>t
5-0

N=

=
n=dt

K >
time duration t

P
=

At > P=15

*In 600K

Probability of vehicle arrival (S) -=
med same.

At =5

Probability ofdeparture - HS
P(A =1) = 6f4

↳
PCA= 0) =1-dAt

one interval P(D =1) =HAt

P(D=0)=1- HAt

P(A=2) =0

↓ mean arrival rateexpected arrival <- =

-

expected departure<-H=mean departure (2) service rate
m

Assumption #1 > Effective Queue

d = 5 veh/hour
-> average value /
*pains - one vehicle arrival expected value

I =6 Veh/hs

10 mins -one vehicle departure

=> > I -not effective queue

N =Number ofvehicle in the system at time t
+At

3 +1
=4 =N

[Quene +services -r
M

N - 1 1A

OA
OD &tem
-

N OD N
1 A

13.Notpossible X

·A
A A +At More than 2

events can't occur

IP
box of poisson process.

N+1 [PN- (t) J9t] + omitting At term 2
PNMSt)NA

↑ ⑨

PN(t +t) =PN-(t) XJAtX (1 - HAt) +PN+1 (t) (1-5t) HAt
+ PN(t) (1 - J/7)(1-HAt)

->PU(t) - PN(t)JAt-PUMAt

At -> 0

*A very small

PN(t+At) =PN +(t) JSt +PN+1 (A) HAt +PN(t)

1 - PNJA -PNHAt

PN (A+At) - pN(t) =PN- (t)JAt + PN+1 (t) HAA -PNS - PNRAT

lim PN(t+1t) - PN(t) = PN- (t) X +PN+ (t) H - PNX-PNH
At ->0

At

d =5PN-(t) +HPN+1 (t)
- JPN - HPN



Steady state Assuming prob.doesn't change)
↓

(dropping time components

P =0 =5PN+ +MPNH - SPN - HP

↓PN+ +HPN+1 =dPN +HPN 1
-⑤

Going to extreme case->o vehicles in the system

0A
1 Po(t +(t)=P,(t)(1- 5At) HAt

·A

IP
o +Po(t)(1- bat)(1-Xyp+)

O OD

t t +1t

Po(A +At) = 4, (t) HAt + Po (t) - PoJAt
↑

Po (t +At) - P0(t) = PIA) HAA - P0>At

lim PolA+At) - Polt)
=HP,(A) - xP0

At -> 0 At

Po =P,(t) - 50

steadystate omittime term again

-do =0 =HP(t) - 640 =) HP, (t) =JP

P1(A) =5Po
z

Aman Kumar Singh \ IITK

↓PN+ +HPN+1 =dPN +HPN

N= 1 in equ 0

-
hp, =3P0

JP0 +HP2 =xP +p
JP0 +HP2=5p, +50

HPC = JP,

P2 =IP,
(put P1 = Pr

P = *1 p
=

(7)"Po

P3 =(F)
-
Po

P4=(F)"P

PN =(F)Po

Pi = pP0

P2
=32 #- Probability ofzero vehicle inthe system.

"
PN =gMPo

Total No. ofvehicle

0,,... . . . . .
. -. Pi

=1

*! *p,*c p
=
Pr+1P0 +9240 +9300 .....

Assumption-17
- P <-

=P(1 +1+p2 +13+.....)

=Po(i) =1
-; +1E,P0 =1-3

Po =1 -f

P =f(1 - f)

P2=12(1 - j) Derived the model

P3 =23(1 - 3) now, evaluate the system!
t

" what to do?

Need of some variables:-

PN =y* (1 - 3) ①waiting length② total no. of reh. in the

Waiting Time system
2 Total no. ofvehicle in the system.

1) Expected total number of vehicle inthe system
X-RR no.ot corresponding prob.

(ve/
E(X) =zxipi

X=0 -p
=0.25

X =1+p =0.75 3
X=2 ->p =0.2

L
=
0Pf1P +2P2 +34 -......

↳ expected number ofwell in the system.

L=p' +2P2 +3pz +....
=1P0 +29240 +353P0.....
=9P(1 +27+352 +.....)
=(P.z,ji

-1

=3Pz(j) => sPod(zji)

>
Expected Number of vehicles inthe system

- Number ofvehicles

Ls =E(X]0
=0p0 +1p' +2p2 +3p3+.... .

=p+2p2 +3p5 +..... - ~ ~ .

=

5P0 +252P0 +35340+... .. ↑

=9P0[1 +25 +3y-.......]

= pP0 Zigi
- 1

=3P.z(s")
=3P0(zji) X = 1+27+3y +....

9X =1+252 +317
+... @

=3408,(it) x =(x g</

= 1P0.,5 Tu fre

=

1

=,x =

cun,



Expected waiting time

1
hour -> S people.
<

⑤ people prevent
per hour d = 10 people

-

ha
a

Ws = Ls (expected noofreh insystem I (Ws) spending time

3 (mean arrival time)
= 50min
=0.5 hour.

Is =JWs

A1 wb
=

7 elM
1

>d= arrival rate
-
... I B

for entire road

....*YN H
--

1

I

- :... -

1

d-> - ↑---
--↳ 3-

↑.....
(

↓

1 1.
E -

-

1

A! is
H !p

M/M) I Quene
MIM/N Quene
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