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Instructor : Dr. Salil Goel Amain

End - sem 40/

labs  (Awgndance) 25/ Lab zpM +o cPM

Quiz () 157. @ Varun Lab

Home Assignment 20/
(2 weeks)
(Bweeks) ~ use for positioning + navigation
( 2 weeks)

SUNSOYS whith we Use whien, UPS doesnt worR,

¢q:- traveuing i a goad , wart to AR path..
suppose” i, wnside a tuvmel ~~ GPS wont wovk
S0 hoW o track e paliellocation in that part.

.

- -, 7 S~ Road

.

/ N tunnes

’

" eg: auD—rotate. v our smartphone, WErtalL (sense rotation)
- LOSE sane vary from, hundred 1o CroTES.

s Ipertial sensprs have

L qyroscope  ( gaxis) : - Barometer : }._7 Depesiding
' Awcelerometer [ B axis) " Processov Upon cost
1 Magnetometer ( 3axis) | :

1o define ane objest v spae we meed +

4Ps gives only positizn,dowsmi tel you oritntation.
We use erkiak sensors Along with. i to geb orieatation.

*leb us vy to understard, how woyld we do naYigatio
it 4PS wao not there. yps beame operational i 19905,
What people dide 1o do navigatin. bejore 475
They used to ey O a princple called

I find, thamge w pocition
2. gdd o prey. positior to get

a units ¢ uiis aurrnt positon
K> % —>—X 3. 2D~ heading oy
(010) bumis | d units Zp~ tree oviewiation (attttude)
can fnd new locatipn i
< Units I tow the initiad locabion
y 4 g also trace e patte pack .
N
) l i 2 1 (dsing, dese)
odomnetor | © 4 ds 2 ( as_inﬂ +d, ,dws®)
wn;;acs A ; ) 2 [(dsin® +d2, deos@ —dz)
—

Lay
cangles ~ méasyred, by
C distances ~ médsuraz by AE medasures Adistavices
by counting the wtationo of a whel

1 wtation _m—Q

distanice travelled = 21" fassuning 70 suppage)




* Evrythung is hapbening i a local Loordiiate SyYsten.

* In %D World [undulat,

g lervan), just heading. (an)
Jdngormation workt work. T “nud. vll+ pitth. also,

TAU thase are good, IF the sensors are WﬂVking weld.
But distance have erroys.

Ad — constqnt or
A=A +Ad  (distanc)

dustarie depeyident, o
error Yardow. erver

As you dqo furthey, eyvors Add v gyrors start to Jrow

N SINSOVS byroml useless
N Y Aaidd ~ ajtetory o get changed
t dz 2.
9 4 d; + AA'

2
dl f
odometer + compass

*Dead Emﬁam‘nﬁ - System for pasih‘omyzﬁ_
s 4PS v systeps for ,Dosfr'ﬁ‘om';%
Disadvantagl of DLiA Wﬁm%’" Al mulahion. of errov

| Dead Retkoning can pe used for po;m'mbg
2. Errors will

grow over Lme. ~ Ne2d sorneth 7o)
Stop MUS dclummdabizr. of erver. v GNES)INS Intg ration

INS —rely on dead, reekonng ~ rtlative. posi tionivg- }
gNss — absolute pas;ﬁam‘/ﬂ;,

Thio integirakion a0 doyie @ avoid ewors 1 grow.
GNES USEd o correet the grrorER and Reep on Msin;. <t
anr i GPS is ot available for sorietime.

Tiere Is Ye5LArch bebig comdicted. o ditterent ways
o stop these grvovs un INS from qmm‘ngr.

|. Accelerometer o0 a

systesn
jﬂ’mmj —kx = ma
; "] [
sx_|

— )/tsfﬂg acer —~fannel, AStzmces
jﬂmmj ~do dead yeek.
w
2. Acceltrometer —actelevationy
aA —> at+ LAa

i= [raz

AL (epoth)
(¢error th accelevation.)

I 4 has ervesr
V—> A8t —~7 abtt dast Velocty anid djstance
a— ;—iaAtL —~7 WLU also Nave error.

| =

Lrrr Grow as time 1
(Wit time it propsgates)

| +

3. Whernewvor You ey gccelprometer from a vevidor, he will do
Some kind. of calbrabion, and give you sa =7

— For cheaper  ba= large zg. pyiornes
— For expensie pa= small eg. fighter jets

<— —Kx= ma

Usuitly damnpers 42 enswre
a=-kx ns ﬂﬂm/p/‘n;:. (ignored i this e7*)
tedl
Kim ~enowp ( — Fnd a —s find 4
Ared x (distance)




a=
'l Frame ﬂ
¥

dpsnt Fotate d. doesnt acclerare

5. 0N &lery sansor, Mhernd is a loordinate systen marked
Lo gcat)* catled, (X Ye2)
Vg 2
S 1\9' Accelbrometor o ahgnead w. these directions gnd  will
gJ{ a=o9 measure @mww% Wk pody frame (i doeonb koL
Y 2 ECEF and £c1D '
I~ Uft
Free Fall ¢
j v
4. Accllerometer tells you folal actelevation. ackivg on the s ; é
bady hat indudts acetleratin. A o gravizy To gt attual
dec” Wl nud to subbact graviyy.
S Value mywt be It (an be (NED,ENV) ECEF -dn Whith- T want e positiore but
dz=ds—9 / known to Yo L am measurivg everytiing i body Crame .
\‘ befprerzasvols
actmadl sensor 4" due 2o grmvity — NASA—Marsian Rover transtor wiagio
ace”” ace” Ut Aeetltrd weter Body Frarne —> Navigation Frame
nud, t ow 'g' first
T
o make b an intrtisd frame. , apply 9 v opposite dir™.
Ta‘ station ary [_> For stationary objest , ace™ g s upward, direction.
a=-R » \L SNSoY  MEAsire &Vzrl{fm‘y{ﬁ wrt inertigh tromme.
ld X —>
"Body Frame” Vf_) o] J/Z 7
x
“Inertial Frame"
W measures ,avarz/m(n; writ an nert

ECT( Eavth centered tnertial) ~an inertiab frame ~ do viot rotake wrt- earth
ECEF~non-mévtiad, frame

b
Fib = alceltration of kody Grane writ- am inertial frame measured
w body trame

vector ~ dmote the ded” trom alcelerometer ao £

% ~ Now —iviertial, €ame (Yotte Wil eari.)
tatole Me

ngm& frame Yot

. walzmﬁ‘nﬁ
s
Free fa OL TJ/_> a=0 [(aelerometey readng)

g9 ¢

"Inevtial " word comes from inertial' ~tendency to vesist e chage

wm wption . ~ by Newion #we guy who Ve leayes YoU.
Inertiad sensors medsure this ingriiq, tat's why called <o.

&
74‘&

—~ aee”of body frame w-rt- inertiad, frame
Y']‘ expréssed wn body frame
1 ox
La,0,0) [0,8 0] ~ sensors Yesolwe, Hhpne i~ bbody frame




N

RZ —>2X2 for 2D
BX3 for 3D

—

(0,0)

X
~ Navigation Frame (eg. ECEF)

¥=ty+ 5 Jadt } X and ¥ m Mavigation frame
X=Xp + ‘/VM
acceleration in bedy frame

" ~ have 0 convert w navigatiov frame —~ Rotation wiatrix
Rp = Rotation matrix to convert from body frome 0 naVigation frame

R, =ty + £ Jadt
ZX2 X:XD.’_/Z;M

(0,0)

Navigetion Frarne

O 7

&,

T0 Reep tungs simple ,we mare body frame and. venwide frame. paralle .

But #us may not always be the case.

C Ro=T (ldentity matrix) if b)) v (paratiel)

L need 0 know — heading . a 2p case
"I need o know — roll, pitth , yaw W A BD ase [(eg dircraft)
(heading)

2D case 3D case.

F?z:[wf&s/mt — —] Hz=| — — —

zx=
Meacéfhy—» fivid using compass
or 6B | rl
using gyrosiope d’] prich
Wl Yaw (héadorg)

& 2D case T cant Just use accderometer to find vy
position using dead  reckoning ~ped, heading also

. The vesutant positionm oF OC acclleration applied
e mass w-ri- case 17 the case

The ¢Xception —— adlleration dus to gravitational Corce .
dravitation acts on proof mass diréctly ,not via the sprivigs
and applies e savne accderation 10 all OMPoNeits of e
AllelLromeler, so there s no rélabve yotion of imass wrt- 2ase.

. AU alceleyometer sensé specific forct , B Novi —grdw’wzﬁona(
alcderation , not the @tal acLeleration.

spectic foree = non-gravitational force per Wt vass ort a
bedy sensed. writ: an jpertial frame.




Important Ques tion

z
..
Yy

« y
X z y 7777 77
z ® =
\/ can I fnd (ts orientation just by /V fx=0
using auelersmeler valwes < | P y fy = -gsin® tan@= —_
v f2= gros® Q, 7z
cheaper phonts ~ accilerometer o/ g LG’\ z YolL (7Yotation apout X-axis)
JYI05Cope abswi . rol
LXPENISIVE YNty —~ GYYO + qLlelenornetens  ppH P24 Vs £ = gsine
ey Yol Fy = gsin@ cosee anX=__%>x
X ¥ fo = Jlos® cosex C \]fyuﬁ
&
x f/id» Lrotatrion avoul y-axis)
a=rall,
A= Pittio
From  acceltro meter veadinigs [fx, fute) only. INS ] AHRS
we clan {md YU + pirch
But we nt £ind headin 3 (Yaw)  just frorn dccelerometer. MV
We- reed.  gyrscope for that 2
T xr A +5 - Kalmiars F1itey
Roll ~ 7rotation.  apout x-axis (KF) — 1
Pitche ~ votakion.  about ¥-axis Accelerometer + gyroscape
Vaw ~ aovtatirn absub z-Axis bz ~
D) Inertiat Measurement Unit
@ Inertial Navigation Systern ~ pos”, veL. , oyt
@ Atlitude Headiry Beference Systeme ~ attiiude + héads
Yol i eadivy
piich “In terms of cost
yaw (neading)

IMU and INS gre wot the sarre, theiy cost will vary a (of.




I. Experiment bY a4 Frene physicst Leon Foucawlt v 185).

2. A long and heavy pendulun suspended  Fromt a high points
3. Used 10 weasure 7votalion of ear.

4. [ater the st gyroscope desigynied baséd on s prindple .

(AW
ceiling E kzﬁ’lws}nﬁ
I S T - cee WaimAd= [25°
‘\ ( Paris)

T A= 201Gt dy
Aing of pe
7 . 24 hoyrs —> 360°
= /5% per hour [(at polés)
For foucault (w Paris,Fraric)
~ []-25° per hour
For equator, wmy:o

o

“lonservation of anguday momen tim
" Maintains its axis as lorg as mass is spinm'tg_

“Gimbals attached 1o Sp. miass o eNsure ik

Gyroscope Spin axis
frame 4
.l
|

Gimbal Rotor
=

Totation of outer body is sdperate from Totation of s spun mass.

© Sl mass gyros ~ ot Used Wiédse days ~bulky and expensive
But it was e first gyroscope.

1. qyroscope measures anguiar rale [ratl of change. of ovientation)
2. qiven witial coordimales, by successive integration of angular
vates, we can compubt it platform, oridritation .

MEMS pased Accelerometrers ~ No Spring mAass systern ~ chedp
MEMs pased Guroscopes — No Spin mass systeww ~ bit expensive
Aecelevoretey —~ thtap ~ fourid. m aldl bPrioyes

YioS —~ expensive, ~ not fourid wh chéap phores

/LUX,LL)V,Wz)

l. No SP/')’IW'H; mass systemn

2. Very very small, cheap and easy to marutacture

5. But they are ngt Very stable ~ errors dre varying anol have
1o be correeted with sonme mathewmadical Model .

4. Original gl ros directty give You anguiar rode. Bub tese
modern gyros are  yaque.

5.They measure vate of change of orientation ( )
of body frame wrt- an wmertiad fraume e O bor steond or
rad | s

O= 00 + [wdt -
S~ have ¢rrors, on Mt!/gmwy ervors  propogate

v= Vs + By Jadt

Ry , chnga/ﬂl? mte Of body frame w.r.t. mnertial frome

MEMS based gyroscope —~ put on table ~oubput 2 @

Lt wih give You Totation of Bu edry. because body troome s
Now Hxed to the edr#e , 1t IS measa,r/ﬂ? Witation of 2Arthv wrt:
ineral frame and, w-v-t- inertial frame zarte s Hﬂdergoi)?
Yotation.

% gyro Mdsure rotation of eari~

/K C it tude

If T was able 1o tare foucaldt prindple gyroscope arl puts
b on A ar, S Zar is also wandergoing yotatinn. That
gyroscope measure Lombintd Totation of earth. ard. Lav (body)

ASSUME Noise i< low and aLr dmg /s Jow.

IF noise jo more i earths rotation You wont be able To observe

‘W' becadse morse is very High  THis [s what happens withe MEMS
based sensors, they have Lot Of Noise and, ey art ot able to
Ynéasure earis rotation.




MEMS- based gyroscope —

Besenant (ber-optic gyroscope. (RFOG)
8/’)77 Lasor yroscope (RLG)

Micro - optic. gyroscope (Mog)

~ We Use

Working of inertial sensors

Accelerometer
{SW'H Precof woss, Celde —v|
“—p
— Prck Sembihve onuiz
b o Aceelerometen
R geale
(&miak at eguilibeium)

Acceleration
—

F—El_/ Dislacement

If the platform accelerates along the sensitive axis of
the accelerometer, its acceleration is recorded by the

sensor.

The displacement of the proof mass is proportional to

the acceleration of the platform.

This acceleration is measured w.r.t an inertial frame
(non-accelerating frame), in the frame attached to the

case.

! | Accelerometers can

.‘; ‘.J_ ' measure specific forces
:: (non-gravitational force
3 ‘ per unit mass) only!
I, S

Case The. 5}1‘-’4!,: t;m&
il rentee ofe loe
Hhom g P the ehntn
Flat gtad= 1s gohg top ok dowin
[ PO g pnoveten. vx
intie the elevator).

- e

Knowledge of acceleration due to gravity is important
when working with inertial sensors.

Foucault Pendulum

Spinning top

asa
gyroscope

w.TeacherSource.c

Aman Kumar Singh \ [ITK




Working of inertial sensors

Gyroscope

- AZIMUTH GIMBAL AXIS

SPINNING WHEEL

7 ANGULAR
| MOMENTUM
¥ LORD MicroStrain®
Gyroscope measures angular rate (rate of change of 3”“ G’“ 25“
! . Reerenc Sy
orientation). . o . e m:«ma;mmi
Given initial orientation, by successive integration of - AL ,,_,LI

angular rates, we can compute the platform orientation.

Inertial sensors

Sports

Clinical
diagnostic

Biomechanical
assessment

Indoor
navigation

Motion capture
applications
(e.g. sports,
movies).

Yaw

We are surrounded with inertial sensors!

Robotics applications

7~ 800000 - 22222 mle
2600

[X ¥y =z T axis of the smartthore ~ Rignt hand cs

i

Body frame w vt
irectial trawe

LO,0,91 ~ g uPward. ~ why upward
qis acﬁnﬁ downwarol

o C0I0:g]

ho gravity
thypotheticak planet )

ﬂ /\>wvj, B it is 0 _
}/ \‘- ----------------- - ke

wrt At is 9

Tnis  conditione is mwlogous 0 tal.

accoltromeler viadiog = O

EI Free fall

J

7 $ensor mid

Mesure WS~z accleromerer viading =N=+9 T upwara
777L 7 ;7 777

accberometer Wil only mmeasuyre  rion-gravitationat foree
[ sthspr)

accelero meter ~spyy ng MASS sYsto
QYrostope —~ s,bmnm; op syster




£ ANs : vz

t2 —

ensure its movewunt i<

/‘%epemte from par#
eariv

(using gimpats)

You qre standing on eart, JYroscope axis of rotation IS alors e
initiak position of sun wrt gark. I ensure 10tation of Spinniig
MASS ip seperale G ear#e by Using Gimbals.

After few hours , carh. will wndergo votation <o sup Wil
abbéar a4  position

/’\ /—\ (noise is nat so s;'gm'ﬁ'mwt)
eart

sun’s initiad,  positior

suns positiow after few hours due o earthe rotatin,

£ Za
Axis always point towards swn.
sun i sun . it does not bother about rotation
E i of carh . So by measuring 1S thange
[ i T san méasdre ‘yotadiomn of 2ario
1 TG

t,  AsSumung my senspr have Iow hoise

diagrame W.7.4. diagram.  W.7. 2.
Now the axis dlonﬁ whigh— gyroscope <eNsor will wdergo person on grownds person s space [sun
yotation will point towards . or ¢
& showld point towardo
gyro

R_-of f

/\50%' are  initial frame _—@*_ T_,x

gym

off
//—\ d\ — 10 a porson h space, youll undergo

inertial frame nen-mertial, frarne rotatorn

~ 10 a person on ground, You'll ot
undergo any rotation. at persom
WILL say Your axis s always pointin

axis wilk appear axis will atways
© yotate point towards him

Nnot w anymaore

Dwdrds e sun i the <ame direa-fméz
%{w A whatéver You are oloservi»y~ is compornen ot aract.

~» pendimune says yow ave nob urmlergm'rg~

any votation ar @l (boz 1o comporent along it T )
at equagor

Same [dea, wik. suw and, CarHo proélan

d=ar+s’l+é

Systematic Errors —»> Y= F£(x)
W= Wr + 8, + £

Ranidomw Errors —> Stochastc
~ | can write wiathemabicel model Y= f (o)

~ | taw write sume kind of stockastie wiadel
~ systematic error

a= dar + b + Ra + &

v v 4 2
true bias Stale rardom
value L Sactor noise )
Error
ba = 2% Wanifacturer tels

You these values
éV = bf + R (V"Vd)yt
i

\~ignore tus term aue 1o eror
Ex=bt? + Riv-Va)L
2. S|




méasured,

Drift —people spetity tu's -
Aftor 1 hour , Arift should be less than 1km ( iz/ue)
s2y, Lbt*<looo = b1 *mls o £=Inour

¢ 6> 107  m)s o dnte will be more than 1Km.

true

For consumey grade accelerometers ~ Drift Zmg
Zmg=3x 10”2 X 10=3x%10"2m|s>
Ervors ~ b00m  just after 5 munutes

Fly for Ihour ~ wmax evroyr =1km ~ for aivcrabt #4ds wuci
is ot a large ervor

To  Tatcraty we can combine gyroscope.
How 1o add. &ffeel OF gyroscope herel

O=0 ~ varushe

= E

uphill 4:% + 950

[ & ~ get from gyroscope
é: CS.lT + b (9Yroscope)
(bias)
$o= bt (evrov tn &)

d=ar + b + Ra+ ¢ + gsine®

$a= b+Ra+ &+ gbgt

Sv= bt + RLV-Vs] + 9 bgt? asswt sin@=8 [0 spall)
P

Sx=_bt* 4+ kev-vwit T D pyt3
2 6

manmitacturer do caltbration —~ to correct {for orvors

gravidy value aiso here — magGmty  erwr + cube Power
4

_Z_’.b,;éz-P)OOO
< EX; Yy &V/ 893

e
calibration ~to estimate errors
| ' b femdiack mecharism o correct
&r errors .
/{\ I. position., yelocity, eryoy or acclero neter
Te erver for gyrscope

Joedback fed back to corvest thewe |

do Hvd error? 7%d 1o (ind avsomtt systenr —~ GFS syster

Eryors assumed. consiant but
iney vary with Hme

2
/I//
apPs observatiovy | ~ time bl 1€ 2 spaau ~~good, estirizt ;

~ NN large ~ Cant 2stinmate erryr

Vatuer smath ~ aviFt happess Slowty

I £ xed
2. UM on bias ~renains ¢ixed as long as 1ot tm of ¢
~ everyHme turn o , T get a vew blas

3. th vun bias-v bias s vt stuck (bias chasrge)

marmtacturey < — <
nojse ~ termperatyre. dgperdent ~ 1ot vary Yardormly ~ models




Systunake  randon

7 7
Last class we looked what happens it we dont model these errors
(e (say)

~

(Soyne threshold

fe Bias itself is also not constt
Bias also vary w.n.it.- t'me

+

Fixed : remains fx onct tuwm on — twm on bias

© s is trut for botte dctélerometer arid ouyroscope
© itial  bjas~ front méare of SHAL obsérvation for X' Hrre

Biase + & ~ f{ixed parc

Bias InsStability £ B ~ dynamic parl ~ mianufactUrey car only
estimate std- Adev. Ixack
bias Youn have o Csttmate

Fixed.

T~ ;
t by b, ~ Wrn. off MItruments £ +urn om. agale
T2 b ba ~ eyery dmwe t| turn of€, tUrri-on bjas
iz bs bz Gt hanged. buk rema tixed throughout .

by {|_—
aL time Dynanuwe part
A fixed pat comes Erom +B
4 (pjas [nsiability)

|b{,— = bg-) + 6\ | vandom voise €~ N0, 62)

Bias < fixed bias
Dynamne : vary wiltte time Bias is akso alorig X, 4,z ~ thred axis
stalt tactor ~ either slope or dctyad axis wheye you apply ace*
(ploplt. happy wiith this estimate) COPPOVIEnES Of Ax, By Tz
A 4 "
Scale can be as wel , maasured Cross couplivig = T if 7no cross coupling.
watrix ¥ T i¢ vpsse coupling.
péople Often combiye smuhg + Cross caupém? wito one rabvix
2 axis acc. seniser placad at three axis

2 axis gyro.

P4
§ 8995 ~ Angle not exactly 20°
L .
Because of s even. at stil ,values
are yot zero but somet Lornpgnenkt
ax=0-012 qy=0053 g-=985
(s0rL values)
{fz=az it mo cross OuUPlrg

fz=4a,+ea, + A=d= 1,2,2 ~ sehsor axis (x4,z)

&~ N(0o,6%)
A

V) J l Vv
méasured, l bias random noise Mo gmglelings
trus valne scalerig ervors need experievice to
+ ChOSL 1 ~ Stityice
Cross coupling +art gn how to
(cormbivied) hgose Hus.




Marnutactavey Usually do calibration ~10 renmwyve Mam
S0 oy ML o Mam gets Varushea wh riodel

~ 0t people use s model Haey dovt worry
akowt swaling +cross coupling ard assume
A facturey remipved Hat by calibration, .

Now, how t0 choose 6'=7

[ veloaty vavdor. walk — 1or aclcelerometer
2. angle vanrdorm walk " fov GYroscope.

VRW~ ms]Js”
ARW~ degret gr radian per [hodr

not availeble
L Us omly)
RLg v
T ervor Mes Foc
Z L Methanical S >gest
WUSSIlL, Erghter jet (U<A)
You camt buy legally
ey wont sell You .

cost Tes
performanc tes

A PPl in ships Use Gyrosiope as a compass
from gyroscope —~ Hnd N ~ mipsily n SpPs ~by mlAsHrvg aarbn riation
gYroswpe I3 not dffected by magnetic £reds unlikl Lompass —
thats why use JYro as compass in sips.

4/ This enttve selup (s INS) AHRs.

IMV fealled (MY onty)

SUNSOY ~ MPASUrL e diStanc 1o the vYehicle fromn observalion
is hojsy —~the noise s co;w'n; from  ravidow: eyrov

a

ANV AN

]

(Best Linday Unbiased Estiviatar)

Vo~ NCO, 62)
d)ﬂ' =dT+ V;t‘

- Mean distance A==d

"
*Uf apter every 1 houv, #he noise is changing , the estimation
will be welgnted.
estimared g, = = Widi Wher n—> o0
=W, A appPyoaches tvue Yaltwe

How 0 arriye al b g™ thal the woaghted awverage gives
you e best estimaze.

V+d =4 OR V= AX-L

: X=CA]
o+ di=d vs/ y,] L"[d/]
Vn')‘d:'nﬁét V-n dVI




wy evro root

W square, aly 2

oLS (men &,
( os ) /f\N:

V~N/0,02) Ravidom. Noise L

- Why least squares 2 013

paYi g
. 1 Y /6% = FLVi) ¥
Pmbab/,&';t—j (V=V;) = —_—— Ay
2A6
Vi=A—d,

2
—=y -
P(V)= 7P = e 20 ~ maximize. Yis probability
sum of squards of residuals
(TS is from  mormal distvibution ASSUPLon.)

Least squares ~assumes Normal Ustribution of reSIAUMS.

) - . 1
If yesiduals are not mmuz}? distributed s 12ast squars wont
give You the best gstimatt: Here,we are oymg © find the yalwe

Of A suth hat  probak | lity of ollUTent of A 1-€- P(A) is highest
hat js qoing 1o be the bsst 2sbmate.

In s case true Value A o changinng at every tme distance.

d/./.\//:d/t =71 d}

dot Ve =dp t=2 itz
- 4F = =di

dn*Vﬂ~dh t=n >

HOW 10 find Al distances S N-2quations £ n-unkrowns

Least squards s time comswning here,so I dont want that.

The 2stimated value an be folind out by the equation
A A

A A A A
Ait1 = Ag + updatz = Az * K_Cd;"d/é)

sequential least squares  scale factor new Knowledge

Now 0 find K, Ust G concepl of that whew Vareyee [62)
S0 WU thene (L gives e blst dstmale.
For any random variable X, Af* of mlan and, std. Aey.

Mean x = E(X):ﬂ(z)zdx
Varienw = = E([x—?J[X—F(JT) = E[(X— E[XJ)ZJ: 6x°

For a general case, Sequentinl (4wt squares
Xt

Xt = X¢-1 + K (new info. or knowledge)
Xt= X¢1 + K //'/t—ya)

actual méasurement — predicted méasuremernit = Hxy_y

Y= Hx
estimate /) \ measureprent
[ttty (i this Lase)

Xt = Xp-1 + KlYt =V

; If I know K, I can tirnd Xt
= Xt + K(Yt— HXy.))

To find K,

== B[ [x-%4] [x—x3" ] ( varienc. )

Pllg in these valugs —> pynivuze His = wrt - witnown K

2= — 9 ~ sple and fud K
oK

Why runimize < bloz we are assuming noise s oming
From  nNormal ustribution.

K= Fpy H (HE, HT+ R)™

£ ~

Varienie—covarienee ynatry noise 4n osevvations (7151

Pe-t = E( CX=xg-1] Cx—x,g~,_7T) VarIence -covarigrnie, matrix
fovr  thise measuremests
R = médsureo. nojse. ~omes From Enowledge akold sensor




{ A means estimate §

X=Xg + KelY— HXpy)
@Z,da —> do

dr, 6%

Ady=do+ K(ld) —do)
Ki= 62 (o2 + 6:2) " *F

If 6b=6 , k=_I

2

After 2 pbservations . giving exadt same ﬂ«dnéz.

"
Ay = HWedo+ wid, ~7 @rigne covariene O tais
Wy + w, 5?-:£09_+ b2 = bo*
P 4 2
A
_ A
dy = a *‘K{dz'd:)
L
Kr=_62 = _3% only Adeperds on

62+6, L6+ 61

ni= _6o% _ Plug i K 4 61" current estimate quatily.
(6%2+46,2) A2 = d/ + dotds iy al £care eqyal
=
dr=dot___ 8% [di~do)
62+ 6% C=aq+ Bb
2
Adi= do6o* + do6i?+ diGp?—do 6% = do6i2+ 6> br= «*62%+ 26" VArIen, co-variene matrix
Gt t+6:2 6o + 612
(weghted. average) Wi < 6%
/\
e = f(xk) + £e K~ time instant K=0 do = dp A A A
W want o ostimate K=1 A= di+€ A =dp=d since stationary
Xie giver Yx Ao = do + E- Now 2e4™ 1 urkhnowsn.
Now we want to apply sequential 2245t sguares.
A A A
Y= HeXe + €p Xk = Xk-) + Ke (Ye— HeXe )
Y - Ik
E~N[{o,=) Normal distv)bution

Lnear function Here.
In case of GPs hon-lineav function Xg ~ posjtion G~ pseudorange

measuremends > dk
a pammeter — Hy
llater cau somettng else 2)

777 ////o// 9/// 7
dg=dp+ ex

T = -1 6t""N[0/RK)
Ke = B He (He Be-i He + Re)

A o L.
Xg = do } nttal wondetions

b= 6,%*
)’4‘,: do"" K} [dl "'dd) —1 a
K, = 6o% (602 + 65%) K=t = ¥ =d = doz-)-d;

i

Xo= % * Ky (ds — 1) =/dgdj+kz (dz —fd‘zd/y

60"~ previpus sstimate quatity.




/(2:_2”—2 [%L + &L)-l:é—

)a: dﬂ+dl
2

1 — do+dr ) = + | ds — do+di+d>
+§—{0iz T) (@ d')(Z"Z)’L? Loroitd

If we frech coing tis  ig = detditdatds
for 34 time instant p

Now with. this modification, T am able to do WL exack same #iing
with e added. advaniage t#at T don't need to do batch estmation.
This IS hetpfut where Youy datasize lbteomds large and (oh canrpt
aclomodarl all of youy gatz in memory at ond . Also, il bfed when

2 A a
Xe = Xe=1 + Ke ( Y — He Xe-) )

A A
Xe = (T- KeHe) Xew + Keltie

Il

o = (I— KeHp) Fe-1 (T - k/cH/c)T + Kk Bx KZ

e = varignc covarienee matrix for parameter at £

Re= 1 " iz for Y

Ke = gain = Kalman Qo f(or Fadmar Eilter

(Ve = Hie Xie1) =Innovation = actual weasurement — pradicteds measuremesd:

You want 1o do processing  w veal tme. PDE PDFE E B curve
e most time (onsuming step w thls process  computatornally s e 7 !
caltunlation of- te inverse in Ke. Otherwise (L 1S all simple watsix [/ o) 9 o)
miltiplication. /T’ T
S, tis i e g I

most by spread i

position of awrage estimate

cranreg bl/AomJa/'m'ﬂ;. £

We are simply taking the weighted avergge- If the spread. 65>
is same ten it becomes the noymal average.

4 6 /2 Combine these o by taking welghbed averge
dz 6,

Everytime I am doivg a wegieed avrage. Lt is turning oub
weighted  average belause

1. s js & hormal dUstributioy

R THis js A Lhaay Problem.

If-#is s a non —Llineay provlen. BHs wont be sirmple weigynead

average - so thun, how 1 trHle e ase or 710y ~Linday p7oblem
(sire aps) 2

pseldo - range
PN 0-%)2 + (Y-Yp) >+ (z-70)  + %012 - Lisean
We wWill lUneavize tPHsS usirzg Taylor serieo £ jgrwore HOT

Y = F(Xo)+ ﬁ (X—Xp) + €& Here, He will now charge
2 X=Xo ab every [i5tant.

AN optimial estimation algorithm.

Use deteyministic + statistical properties

of e system parameters and measwennts
10 pbtain oplimel, estimarés. ( Bayesian)

7 ONO)

same example of cyane ~ Stanaivig- stationary
Why Use Kalman Filter and not sequential l2ast squares?
What s the advgntage of Using kalmar. Eilter?

I the sensor was working perfecity overytime You are

aRING the Measurement thon Yol conld £d owt where
You are bul for some Yeagsom VUL inertial ser1sov stops
wm/e;'nj for Some tinme Hun Your (2ast sguares will
Vot give You any solutiors. LLASE SqUATZ cwn only work.
Whenerer you geb DUS 58150y wm}emf becayse £ relign
on Wis modd - Y = HieXe +Ek




Example \/
/ ;1_"/”5)‘44 Tannel ~ gets harder

B estimale.  positioie rogh
GqrPs smee no open sky préseqdt;

At Qach epoche You get pseudoranges ~solve 1 gev position.
For some védson ou dovit geb psesdorarges for <opne epoches.
SOMEIne. Jammed, GFs, it stopped. working or cme undey Zunyel
Didnt geb  pseldavanges ~ cant Fnd, position estimates
() kabman. Filker helps you oWrcome s Situation when Lfs
not W@’/@}Wj Ut helps predict B position estimates. That
may pe  “inacurale but Yo get the  posibion estmares.

@ BY using kKalman. Fister, B results that T get are Wl
move smioother.

estrmia

KAL/ZAN FILTER

Name of  person \\ why capled fidter 2
who mented it

Rudolf E. kalman (1930 -206)

Three terms (n gpamization ; —1

K

P
l 2 3 4+ 8-

Use observations i tme K o préditt parametey at
tme K+1. Bw neotation frr prediction is:

o minus indicazes prédicton

Use Ll observations upto K+ to 9et paramerer at K+/
o Plus widicates fitter

use observations wuntil K¢l dme bul predict
parametey ph the previous time. [t /s Somttnsg
that happens th e past ~ qgo back and revise past

Filtering ~ can happen th real time
Smoottng ~can only happer onee You hart accumulatel
all e observations. ~ only [0St pmcess/nj

Kalman Filter = predictor correctov. combiriation

(Glker )Y
wmake predickion ten dp B oNyction i kalman Filter

~Now we. qre 7ot catlin

19 b parametdr ~ terminology
We are cauing & state i Kkalmae filter

X= gstate vector

Wis IS the parameler you wani © stmiate whuch is usualy

denoted by x. It could be pos”, vel., acc”, ere anyiing that
You want Zstimare.

Tk = mlasuremenis

Wese aArve mdaspendent gbservations You tzke

For GPS ~ state = posibon  mmgasurement = pseddsrange

Xg ~ random variable ~ méai x,: ands vanenice, covarienc
/"</< ~ gstimate

walyix Fr
(simply covarience in kalmtan)

Bk = measurement CoVarientl < wmieans Noise thn méasuyermnesis
Ck = covarimee for state

Hk = wéasuyrevment miatrix ~ t2US velationshib blw state
vector and wilasuremenits




k= He Xk + Ek

W &stablishes  relationsiip blew what You are measuring and,
what Yow want to éstirmate

TUs new model wi case of Kalman. £ilier St tells Hoi how

statt propogates over Hme. Tais madel was not awlabl
th case of last squAares.

Xk = F(Xgk-y) + €k
A

A
Xk = Xk-i

A A
Xk = Xk + Uk At

This fs based on Youy Understanding.

Now witte Bus andgrstﬂna’j/?ﬂ,,é@t's set s example
Xk = dk

A A
XK|K-1 = XK=1 k-1

Because #s js state, positron at X js going 1o be
Same @o posibhon at K-1 .

corvect wipkion model would e

XKIK)-) = Xk-t)JK + €

EStimate st the sarme bsause EX NAs z&ro mezs.
We [ndude this random noise component. why 2

to accolk for any uncertaisties.

Using motion modil T prédict what 11y stale is going 1o be.

I gw agbsetrvations Xk avd. use tiem to adjust tis.
I can corvelh for errars usmj T

A A A
Xkik = Xwik-1 + K (zp — He Xgjr-1)
s 1s how (E is going to ner

I prediction prediction correction
& corvection

If observations hot avajlable thew we can only prédict.
Prik-1 = Fe-1)p-1 T @

Q = process nNsise wmiatrix

It @ is low tnen T have wore lonfidene wn predictions.
If-@ /s high then T have less comfideme i predictons.

~Use UpPto Kt gbservations +o
estimatt K+ Statt , Ao corvection and predict aga

The beauty is that we inttively use Bus Lvery day.
Example of prediction —coyrection model —~

Al of us have buld wmadels inside throughowt our lives.

This person going to behave UEe BUS If put i a condition liRe
that We a0 that £o everybody. But it mod el mAY ot pe corrélt.
s model is ditterent foreverybody. Onw T get observations.
basdds o what happens Actually Wi apply correction 4 update .

~Very frst application of Xalman Eilters

True sYystem S s ,

g v v :
system measuremenz Weasurement vector), | statz vector
madel model and (ovarience and. covarience

| ! A ! 11

Kalmaw Frier algorism |




In case of least squares, pu choice of inital 2stimale Ao
not have any impad on estimatéd solution. 4 good. or peor

WUt estimate just v or ? e no of [tlrations bub
both. lead to sqmme Fnal Zstimiates.

But whern we @tk apout sequentiad 124st squaves ov the
Halman, Filter i, Your inltialisation is wrong, whole sol”
Wil pe wrong. buitial gstimate is Very very wmportant there.

2, 6% t=I Ay, da2, Az, A+ Z X, )
; 260> t=2
// /x?? : X=Xk + KLY -Y)
. S t=1o K= ( )7

S Asgignment ~ Kalman Filtey estimate

N Solve #irst ysing 1ast squares ttwn use
N tat 4s initial, Estmale for the Kalmias-

\ Flter and fHrud the 2stimates.

~Works t &  prediction — @rrécion wiode

4

O O

qenerat motion wiodel :
Xk = Fre Xk-1 + €k
here , >i(= ,)\(K-I + £ L€ Fe=T

- state
" Motion Model or State transition wiodel KF
- Measuremient Model ov Observabon model predictoy
- Measurement Matrix chfygéfgyp
- Measurement: noise  Clovariente ( R)
- Process noise covaviene (@)
© Measurement vectoy Xo Po
r=0 do bo*

Xo: Jrutial state

Po! inipal covarience

Wotion wodel. : QK//(_;: )?K—//K—I

X 1)o = do

Pilo= Go?+ 6p= N
decumcd zeyrp

LoVArIite

Xe = Xe-1 €r~N(0,6%)
Randowm Errov ~qlways Reep 1% some Nalue
Reep very small it we belitve no yardom nés S
but We never keep it zero.

Predicted cowarience: = Fe B f-7cT+ Cr. ~made one aqgsstmptio

We Fnow tor = atb , & = 632+ 602+ [ I
We dssume e £ He Uncorrelated <  Varigme co-vaviene =2

O Brucess noice (8) is yncorralated with covarienc (P).
@ AWGN ~ Additive White gaussiam Noise

“E( &€ )=0  (zero Covariene)
€ s zmcopemtd oVar tirme

- Eléx €p1) FO ~ ' ~ways to handle it
exiet as well ~ Wont Jdiscuss herd.

takes care of # case when noise [s not gaussian.
It It is gamssiame IX simpltres to kalman. This IS (omputaltio nally
VerYy expensive and, people yot avle 1o Use it fov a ot of réed
Worlde applications. 0ne reasomn 1€ we Aot Rmiw whak s tributinn
t Lollows , we assume Notmal distyibutronl. 0841er we assume the
norse 4o pe white but )1 is never wnite, it (s coloréd.

moasurement | =p= HeXe + Ve
Adr = T-dx + Vx
{ botu gssumptions made vere)

Xo 73
t=0
Xo * Stagle=
Po
2 )
{K/}c-/ = Xe-1)e-)
Xilo = do
Pilo =

VKNN/OI R/t)

Xie= Fi X + £k
Xk = Xe-t + Ex
A A

Xk = Xpmi
€k~N(I; 67)
Fe=T

What happens when Yo Qont have gloservations 2
Themw ou dont Ao corréctors. You just vraRe prediciions
antd weal thmak as youv €sbkimate .




Xy o Initalisetion ~ very very jrazp.
\L for Yalman frlter.

Predict Using
metion Wodel

!

MIEASUTLINILYUAS
avaulable 2
VES

\.
| updase |correction No e mieaguyemnt mpt Avaimble
\L New state= predictéd state

New state

How ditterent from sequontial last squares 2
No prediction . séquential st square —~ Umitation Of It

A A MEANS LsEmIate ~ gf kK

>/<\K—)/K—} MEAns USLd obsSEYYAHDNS upto K-) tp estimate at K-1.
X KlKk-I Meaho Uged  observations uptp k-1 to estimrate ab k.
Prix-) Corresponaing covarnens at K using K-

A A
XKkIk=1 = Xicm1/K-)

Updated — preaicted

A A
XKklK-l = XK1=t + Veyjp| At ~ motiow  viedel
C need velouty here
X = [ Xe T pes*
Vie vel -

even it io migtion stilh case USE — Ve <O Llvery swiall)

ALllervmetors on board,.. ~ gL Alco Fiver noto.
With bias w réadings. T
later we can move 2D 4p BD ceaario. bras

Xk =2
Fe=70

7 0O O

. ldentty state

X ldentity measuremaent

3. Establish selh— transition miedel ( motion wiodel)
4. Establish  ypeasurement wadel

5. EStavish covaritncoe réaspriab.

6. ltialise property (Xo, %)
7. Make suitablt assumption and estmate

XK=|:ﬂK] Ze= [ de ]

Vi

Zp= HpXe + €2k

dgx=L21 03 JLK-I] + [6_»,21::)
Vi-1 € v, 2ic

D= Rpy o+ Uk 8 + En
W= Ukt + Ev

de= 2k + Ede

Be= E[ €zx €zL 1= 2

“ELe )T & &I el
{nggswé

Lo and v,uncorvelated noise

You stand fov 5 minutt ~ take avemge of all gpseyvakions
weat that qs the wutial position estHmate.

[initial position)

~7 6rt= ”%‘z = 6 (law of pwpogation
2

of \ariences)




)2KJE~1 = Fel Xgeijg-t
"L I

Jklk = XEk-U + Ke (de -Ze )

PI<H£~I

correction ~ smath
Ze = He Xk —_ it accuyate Pvediction,
= k-l T Tiga|el F Vey ey At large i not.

Whenr no sbservations ~ yow only rely onv  prediction .

br = by~ + Ex where €k ~ N(0)62) White rvise
A is a discrete-time séquene of mutually
~ accelerometer onboard, UNOYYEIALEA yandom vay|ables (o A zero wmiean distribition.
/ O O For white roise w;, E(W;ws)= ow2 Li=J
O  L#s
Xk = L b= X = E de ]
A
73 XK k-1 = F-1 Xk=1)K-1 P ik
bx = [ ! AL] [ Nes
S accaeration. can also be part of state it you want . - o 1 Vo
Ak = Hk Xkik = Ikl =Io + Vo AT

state trarisition

Uk = Ur-1+ (fr1 — br-1) bt + Ev rmodel.

N = k-1 + Br-1 bt + £, }
bx = bk-1 + £
Accdlrometer has bias + rnoise . ~estimate bigs alse as part of stzete.

Fixed bias  unicnown. bijas

is a quantty that variés with time gs
A Untar Function of its previpus Values and a. whitt nsise sequena
re. bg depends only on bx-i and net bx-z.

) 0

Ak | 1) JLr-| a
v | = g | -At Virmr + -1 | At + €x-
by o 0 |

Now my model has somuewhat changed.

dx = l 0o o Il + £
0006 ve
0 00 b

If Yol are standing stakionary, witioh st=te will e
initiad position = 0O

wkiab ace” =0

take average of acc™, whatever valul su get s bias.

take that as (nitial bjas, 1t (roudés turmn on bias + fixed.
as long as Yo dent Hurv off, 1o TEMAU SANL .

SOmething you are
applying externaly
“o [onbrol B system.

Xk = Fk-1 X1 + Gx-1 Uk-) + Ex-1

1 mxm mx) hXm mx) nx)
Zk= HeXk + Uk

|, E(Ek EX5) = ©pm (process noise covarience)

g o~ Xo Linibal covariesse)

5 E(VPk¥L)=R

( measurement ppjse covariénie)

P — casitst one ~ becaust i€ youw understand how good your

measurements are , estivates hetomdl letter.
£9:- GNSS —codL pseudorargss

It tells (onflden tiat wou have o this value. It ver
SUre assign low value ,if Yot sure assign high value .

—> AIYtest one —>telds how good is your miotion yrnodel

29.- aAriving car w planeg vs piountains ~ & aitterokt
congérvative ys rash drver ~ @ different

What value + take< it omes from Your experince .




The other way s of Kalman. £ilter. ~ wont 2alx

about it. But te idea 15 i thpose A value of @, K,
Wn chovse a value o€ P, @ and than check effective
behaviouy based on opbservations by va rqi:i LovArIENILesS.
TS s Very cumbersome process. fesple sty vely o
epenienc to choose V@) R.

A

@an put any no. of sensors 4as long
2 as I can yelate 'b.

[J?K ] Actleromerey ~have biases

»eed, 1o estimate
Vi aqroscope — have [piasés W ctzbe wetvr

br

Plot how bias changes with tme- OUY assumption was that bias
eanges very showly. Bub If- You notite large jumps w lolas thren
soyme Assumplions made are ot corréct-

X
v’ ' large jumips
b swalt v
(bias) Jumips E
' K 'ctme)
@ Loy~ UE everytning is fine then You will observe
T = Zk— Zk Ak Youy [WNIVALIONS arZ Whiite .
v ~ (e E(TpTe))=0
aciatb predicsea Te £ Tk Uncorrelatedt

obsérvations oS LY YAtIoNs N]2
imiplits good value of &

apPs pas/‘h'om‘ng ~ code obsgyvatoys wm.ovinj case
~ pseddorarige e4ns

XK= positomn state space
ve ooty modtd (o a7s
recuver clock pias

Assume reciver clock bias fyllows 4auss - MAr&sv sequence .
(Codp = (Ca)y., + €kK-)

Here [+ iS a Von-lneay case

sttt \vector Xg=

Ak

Vk ,

Fr e valie of dier~ dont have Ary bias
bk

state trarsition model.
T = N1+ Wk At Ei
Uk = Uk- + fk At + Eo
FK= fk-1 + €=

bk = bk + &4

measurement mod el Xk = [ Ak ]
dk= ok + Es Fk
A= Fr+ bt &g A= HeXe+ Uk




accelerometer > 200Hz  —> 200 observation |ée.
distance. sensor —>  100Hz — |00 n &

Pepending o what measurement is avalé@ble oy jncmde
or omIt 4t w»n the mlasurenent model.

=1 1 Hz
5 2 Hz can St combue e
S3 50 Hz

Erample: at every 1 see intervad —> k= [ dk ] ~ bothe Acch+
£p*

distance
at thery 1[s00 see wikttrval —> xx= [fb"] ~ dLc elero meter

x

¢g:- camera 60tbs

1 odowmeter b8 HzZ

acelerometery 4006H=
2
k)

casel stationayry
50 £ar sem three casts case2

nstant velotity
cases  covstant acc’

several other yariations possivle (ov #is.

N Kalman FILEEY —~ Assumption inat  yeasurement andl motion model

s Unear. what to do whien cithty of them gv botr becormés ppoy-unear.

“For Non-Unéar measurement méasurement |motiorn model
“Apollo Mission ~ went to wioons withe few  kbs of RAM. ey
atveloped tnis EKF. el had non-Lnéar measuremesd madd .

" Beauty of s is that I doat nedd o estiate. evevy g at on.

s Takes tare of cAsSE when elthir of Xe Oor Xk NoyI-livear.
omehow try to Lnearize ~ errovs inwiporate but okay.
CEKF — all gttty AsSumplions samig , just hon-Unédr Xe|zp.
“Developld by NASA ~ for trq)ectory gstimalion of moor ladiyg.

XK+l ]k = Fk Xkle + £k y
e = HeXe + Ve *[ Unearise KE

X

P= A UK+ (4-49) 2 + (2-Z5)>  + b+ bs+T + T+ €

state veetor measurement
k= | xe xe=[p | = fox)r =
e fa
Ze - = Hie X+ (£ (Xo) = Hi Xa )
Ve
Vy
Vo ’
| by 1 nx L fud nx

state transition model Xk = Xe-1 + Ve At

Ve= Ye-) + &

A (brly= Cbn)k-1 + £
Xo= XRKIK+!
Hk = cons&t




Ini tiakize
N
State Transition /X Ki+))

)
Unearize, measurement model

about )?‘K/KH

Here no need for iterations.
Why2 Because e (rital
gstimate is very close to
true vatue. Soire plople
S carry ol for beleoy
ALLuracy ~
Bub very miaginal
Improvement, over EXF
Thal's why people tfpically

state wansiton modéel XK Jk+ = Fi Xe

Fe = _’BF
ox
AU other assumphions still same, NOIsE Janssian , Sehsar observation

uncoyrelated etc.
Here we dre hot den‘w’nj W UAtIoNs, JUst understand working,

whenever Xe oY Xp is yiov-Urear, we Usg EKF.
In books ~tney try to derive gerevic equations

Fe s how jacobiamn iI¢-

L4

He ,Zk, Ze —> T donit do tat .
! Xe= X + Vieer At + &1
! ) Ve= v + R af At €,
) _--" — ., +
‘"@_, Ba)y= (ba)e, + &
. n_ .
\, Fp —[ (osd@ sin@ :|
-Sin@ cos&
Xe=| d
. dz acceleration — part of control input
/// 2D dsz Xk = Fe-1Xk~) + Gk-) Uk
/ ds
cor low R high®
CASE-1 : Wite compass XK= F Zr wmcasLyement iodel 2
%\/ [ — Yk
&< x,, xw=| zx | stte vector state ox
/\O< o Yk vector bk
. \\/ Qx | lompass gives accrate b2,k ar= 4 (Zi-2)* + (y/-9)* + V[ 1=1,2,3,4
bk } eading unilgss Mo magnetrc Y,k
e () b2,k \/ nterfereyce (Asswmp Hon) L %y, K Ou= O+ U
e Xy Ve, ke accltrometznr blas (car be aqual)
Body— ca)~Navigation L Wy, K
~R acc. co-lpcated, sensitin axic are or#wgonals X Ktk R ket J-1 3
~ Mlasure HStance vt stations . =1 . +* Vkiwr AE
Sk Y k1)1

~ MEASUTES

What We want 2 orightation of car framt twir.b- Navigalbon- frame
We install acc.in suche a way that leody frame is alignéd, wi# car frarne.

\4
S( X
iﬁ < cos, sina
= ginx LosA

héaatwaﬂ

xX=0=> RE=T otherurse
we need 4o now /BF if £IT.

A A n a
Veiks = Ye-ier T Ry [dx., — bk-ilk-1 ) At

e A
Oklk-1 = Ok-tl&
A

A
b uins = O K11k




Xy hy®@ —2Fe —> )?K/K—l — Hk
A A —
XKik+ = XKIKk-1 T keIx  , Te= Xx - Zk

T '\.. tnnova ﬁbh:

Peik-1 = Fik=1 bt Fie-r T+ Ok

conseratie
Adrivey
A

Okl = Ok-1lk-1 + /

/|
R Bandom Noise —
Depehnds on /
(- Behaviour of persom

-
2. Dynamics of venicle|type (bikelar)

dirratt You cant abrupty wange trgpectory

arme  you can  hange abriptly
3. Road type

_____ 5« dclliyacy poor ab
sharp iurns
BRoad

© Ek-) (oW — (onSenrvatiw.
" €k high — rash drives

P—> % we get P casiy
@ —> confrdence gn your yodel  on wgdd
R—> Lonfadents om Your ynlasuvements — quality of MEASUrEments

There are various swnayios Lkt teing siepy, 4 gave poor
decuracy, 2tc. ML buse behaviours have 4o be aapturdd.
qeting G is a part of stochastiz wiodel . capture Hieny
v Er > FLR ~ randonriess

Pecple say gelting 4 fdtey to run i< 4[5 + scince.

get o8 Lotlitts)

CASE-2 : with. qyroscope

t Y ' X F z ] state vector

c X K= 13
XX e
. L7 Rk

/>\/ bk

’,’ ° ( ) bZ,K

i ) & X Yy, k

Body — lan— Navigation L W,k J

Stnglh axis gyroscope,
b
Wi

Q=w Know s th body trame

~lonvert e AaVigation frawne
Q= Cr- + Owt

Ok« + Rwiy st

%

CASE -3 With qyroscope + compass bot#e

e X XK= F Zr state vectar
>\O< . Yk
» e ek
/>\/ bk
,// [ ( ) bZ,K
il ) & 5 Xn Yy, k
Body —~ lan—Navigation L W,k J

Singlt axis gyroscope.
comypass




. compass
2. gyrostope
3. gYrALpe + Compass borh.

wnat is size. of Zp T XS

te X 5X7

e k7 S 8xs
Yk P =Xy

Gk 7

X = Fe-1 Xest + Gy Opy + &

x RL 7 + b
4
Ux
Uy
b W you want to Ada this 1 mezsuremient,
b You have 1o Add by, v stale Yeetor
&
L. dK X =HX

Bk = Ok~ + oAt

how this measurement yelated with, what Yow
are sbserving e state wveetor ?
(Cp = Or + 1#

Lig-7
Q) apply ledast squares tv disterice 0 get e POsitions.
Yo . Instead of using distarnces w measuremert I wont B Yse
Y X Banging sensor wose computed positions gs part of measurements .
'\/' o 2 Accelerorneter By doing s0. T 1emove the non-Lineavity v the wieasumement
. by Cormpass model.
T o) 1= gy roscope z=| x
Ko y
jo “ z
G
Two waye of solving #vs proplen
(X)n = X
1) weasureypent wmodel =z = a "Use computzd, plservations
a4z
dz
ds
o

" USE rauw observatons

29 - G@FPS sometimes gives Yo pseadoranges ~ USE tightty coupled
G FS sometimes gives yom PoSitrons T Use /pos¢\7 coupled,




If only two distances avadable ,, gs , you can Use tightly
coupled, z= [ a, ] but tou cant do lossey coupled.

da

fae)

= ?; ~ cant gel derived, osbservations x4,z
z
©

@ In loosely coupled , Yolu are Using l2ast squares twice . ovice
fovcon@/mﬁfy positions <econd while doirg Updates. This js

not 4n optimial, solmtion.

now writet coneplete viodel
Wetout Ese qcsuvnpliovs

for full BD case-

I Ignoredl gravity
L. ignored rotation of eart-
3. 2pcase

o

’ gNs=

Y Xe S-axis Adctalerometer
'\/ o B-axis Ay roscope
- xr4) X= B
. 2 positions
Xn
Vs
Yy Velou' #y
22
bl/4
b2, Qce. bas
b;,ﬁ
b/,g.
bz,}, % g4y bias
b;/;
Sg T, pitch . yaso
o
vy A
L b, ) vewiver dacke bas

16Xx)

3x32

Use GNSS measurements — n satelliies available

Znx) = L+ V (pseudorange obsevvation ynsdel)

Fi= Al e=xiy=4 L4-4)> + (z-2j)2  + b + v

Try 10 yveduce 1o. of unkhowns hrough some 1means.

Z= X4+ £
’%
hxie

DK+ = e F Vy BB +E 5
Wer = Vi + RY [ — ba) &t + & —gat — (X B )os

(ba)y,) = Cbadx + &
Cbi Jen) = (e + &

(bn )y = (e + &

CPKH =Qp+ po+ ¢

Okt = Qr+ Obt +%

Pen= P+ Wst +&

{—2 (XT) ot = —Z}I/]
v

skew - symmetric yakvix of
this vector

how to find, hese rate
of changes p,0, # <2




J
o e | e

Assumption — AL sersors ated at samne poiret -

TPus is Net praciically possible .

lb

©) RS
7
gNsS

X Ok V=R (fo—ofa)—g” — 2 X
no longer rotation wmatx. S ba,x 8= R L wig - bg) — e
(bloz Hrese ary ewley avigles) ! ECEF v~ bg, e b=0
= Y 14 Ecl bJ?y}‘
7’%" / ENU
Frx = J (X-X)2 + Cy=Y)2 +(2-Z()% T bm,i+ Pk
X
! k= HeXe + VPp Xicw) = Fe X+ Gr Xk + £k
. 32 Xkt = Xe + f£lxe) At
[ d) ] [ l sindtan® cosd m&—l wx] nxlé Xkt = Xk + éﬁ/ (x—Xo) Bt
® [=| O cosd - sihdy Wy X = FIx) x |x=xo0
P 0  Singswd  cosd see® w= Plug X=Xe
XK —Xe = FLXe) Xe+ = Xk + 2F (X~Xie) At
[need not yem Hus) &t OX [ x=xr
Xewy = (T4 Fedt )X — Fr X A6
Nx» wx)
Ko g =10 change in magwitude |direction.
closed, loop people generally use closed loop Pt ;
and, not obers Loop jrmplemrentztios. rotation — o change v Magitude lout change
Bediction 1 direction.
proferved. implementation
L v Al the computation [¢stimation Youd aye doing for origuw
Update v closad, loop ¥ h e body frame. [
Open loop
,\% Ty = T7g + gl: .ﬁzb
Xk

manutactures teds you t drive w BUs
rqlectovy i order to calibrate

8

4o 10 Install gNSE directtly on top 6 INS.

aNss
h

INS

CINS typically  installed, oy (oM of okject.




— No lndiar zompany , SHEATEUpPS can dad here .

~ LiIDAP

Fositioning — by combining Varons sensors together

Improye Posibon|ng quality ard. précisjon.

Also helpful she sanssy s or stop working. —The oy dange  you

ap is aqyust measurement madel 1o allomodate avAilable sessis

z=| 5
two GNSS recevers @ 2 pseudorang e from GNSS
BN . E------—f-)-;»x ~t0 geb heading infor mation :
! $h
r & neading. angle from NG
car
x=| §
more — wiore quality — good estiralz $n pseudoanges from two GNSS
less  — 1ss quality — bad. estimatz £’
-, computationally very expens/ve
Lﬁ, | but yery good pertoywiarice
Hebptul When stationary tor long period of time.
When You S0P and stand stll &erc /s Weading Arift @ z=| X
de t N0iSe. Dusk antennas helps to AisHNIUIsK and, identity y
124l oVements fron that of Xloise. z POsition actimatis + be.ad[»z; (INS)
[
AY N4 state vector . Xk, Ve
. @ g meastirement = dy
: ; can caltulate 4 (measurement wiodel)
. [@}-------¢>x oo [@]-------¢ 5>% yoll, pitcte, yaw — Xk = Xkl + Bgoy A + € } (state travsition)
S & ¥ & also with s ONNO)] V= Vol +€
| | T
D A= e}
The price gf suth systemis Isverly high. Not solely auwe o State , STM
more no. of GNSS but bliadse of more fkers added now 0
and  Lilter Was Lecome cormplex.
— Yery few compPan s $iat provide wns.

state sSpace Model

The Wost challenging pmt-ged%}zy o)
Pesple. generatly take it front Jlast

squares. ONLe yow do estimadr Erone
laast squares low howe some idea .




If We Mow put dcceleration n above cdse, tu the 24" wil be

Xk= XKk-) T Vi At + 6
4 Vk= Vi t (ﬂK-/ ~ bg-,) At +£
—_—
QO O bias
:#ﬁ acelerometey readings have vias
State , STM

state sSpae Model
Why bias gty th acc”?

Note: It You believe Yyouy VAotty sensoy will have er1ors #men Ypu
Lo considey bias wm Bt a& well .

change defaull tyres -~ biggery tYred ﬁ

ALt grid pbserved are how aii(- vel.

Z=h(x)+ Vv

He= oh . Lkl = >?,</;<—' + K Tie
a)-/’ X=xK}K—l IK = ZK"‘Z_IC
— A
K= Zp + He(X—Xo) +V Zy = h( XKjk-1)

k= HeXe + (Zo—HeXe)+ VvV

(KF/EKF) ( operi-victes quiz)

O actlerometer put on a vehicle moving withs constant
velocity w1 a straght Line.
can Yo estHmate ML orviewtation pf sersor usfng Kalmwigin
Fiytey fromm Acltelevometen ymzéings. i yes, how?
Properly deting all assumplions, state spaw mwodel andl
other wiodds alorig witto propey steps.,

Assumptions

l. Error is additive, wnitt, gaussian .

R. Insighiticant oeotabion ard alctleration.
(No rptation arol acctratior)

2. Rotatvn of eart~ not iorsidered

4. No bigges (n accleypmeter gbser vations.

5. Gauss—Markoy for Qe A ¢ 70l Pitth chariges gradially -

X = ncos®cosx
Y= = cos@sin

Z= RnSin®@
. tan@=_=__  tana=_¥
acos { xz+y> X
state vectov Xy = [@K} rolb orientation
A plic
measyrement model. Zx= hixe) +Ve = HeXye + B
3X2 2X) 3xX|
Ze=| £ | = | geos@ceost | + Ve
fy g cosfsine He= | 2& 0fx
fz gsinx o6 o
o 2
26 ool
2= Dtz

98




State traysition models

Ok = Qr-~1 + €k } (Gauss Markov)
Ak = Ak-1 + Ep-t

Xk = Fie- ;\(n-: =|: ! O] @K~l:|
©c A k)

Kalman Filter .

|. Inikich <tate and covarienie Xo,#s

& predictt using state transition mwoded
3. measuyenment model

4. corveth using I

5. a¢hine and. update b &R throughout
6. firnd Xk

It pody s non-rotatg ard von- accelerativg,
/7 You can st aclersrretey to frrd Orientatioy;.
It it is aztderating, you cant use it to tind orientatioy.
¢g9:~ car garme playing —phone with. e gyro — acaltiatig
cang control gamme, (30

@ Zan you estimats Wl orvignitation using veading frorw
IMU sensors [ ay¥voscope ) Compass apad  aclelerorneter)

by wusing an KF)EKF? Nrite all assunmpbions, proper
steps and, models.

OMpdass, acceleyometey, gyyoscopl — sehsay fusijon, with EF)EKF

state vectory Xe= | O
oy
We

state tmansition vedel
Ok= Q-1 + Ant

A = ottt o'(’,At
b= WPr~ +~ Waot

&= R wy -w-by )

@: R(w;i— b_ﬂ)
similarly &, p also -

o estimate tnese (nctudt thiemsy
as part ot contvol unit. Facc,
QY10 concidered (n state, vio reed.

meagiuverent ynodel

Ze= | £x
£y aetlleyometer oservations
£
P
ZP‘I:-"" ZPM — A
Y ) S gecke nation
X triie  magretic
y
z To tind orijentativn,
tand Oyt = KFE sinee Lincav miodel
na Gy, W — EXF g'nce 1oyl -Uinear model
Assumptions

I Ignore HOT for jaccbian
Q. Agsume no biases
3. othitrs same as befpre . . .

Aliter : I ohsideyed other senssy viedings as welt B

XK= 1Cx_ fx=4y -b
£ fy tue valuds |-e without bizs
£z fz
Wx fx, btz arvd A velationsiip
wy
Wz Rk Xe ~ hignly non-tinear provient
L %]

I€ Incdude biases tn acceley ometer and gyrostope..

BaLt reading + 3 ace bias
Bguro veading + 3 gyvs bm;} Ak=15X] vecter
Boriartation

Wis is called, AHRS

his WU 22l You Yol , pitth ard tpaso

only using acceleromeler and, gyroscope-

By alt s (p AHRS , you il only get origymtation. Yoo
Wont geb positions. But th e INS You gct that as well.




When You gs to mavket by, he will ast whelver you wasnt
AHRS or a fuld (NS,

L gives origntation only - gjves oYigntation + position

© less cost © YL cost
< simpley KE - Complex KF
no qrs - qPs v
preditting
. , Qorred;
e | N AN 7

ttme

GNSS , INS are 24t co-located.

“dever arm i€ always v kedy tranme
“IP You Know, break It as constast

J777 7777777

body €rame I you dont Kmto tréat as part of state
state vector X, = | Xg Bic pint on INS
Y8
Zg

4 is pont on aNss
Y

MLASUTENEN, Wsdth Zp = | X4
Z4

I both sensers (GNsSS arid INS) are co-located .

4 B
26 1k 28]k

It ey are not co-locatiAd, , ac here , the model will be

Xq = Xeg
Vq [ Ya
[Zé I ZB 1k

zZ= h(x)+V

+ Ré’ 2y + Ve } Non-Unear
medel here

= Zo, + °oh

, (X~¥o)
2x X=X,

Ly

stabrlised Ly, —~ EHiter okay
e

K (time)

Jdeverarm valués svoulds be constant over tHime, Bun the
tlter [s siabitrsed.-

Asstimption was Ly = ONStant, it Bus was corrett e
Vou shionld, geb @ constant yvalue of Ly over tirme.

TWo ways o calibrate

- calibrade y tab bgorenand, , Yo keek Ly as corIskant

f. on-site calivration — Ketb SLp as wntnown value aszlb
psimiate alovig state. (Llo as part of statz)

Beter 1o calibratt on the go ~ one 1ort covnput=ttion.

because the value is sublid to charge .




state transition moddl ftor do
(-‘éb)/( = [jb)K,_, + 'éK—I

Ketb covarience very very syviall because Yo wantto Reeb b
constant -

Note © Lu has three com?poriesnts

v v
Lo= | 4y S both situatins can
Ly bt prodedt p L.
W ,

aw) do tiat wi stabe tansition visdel or mAASUrements Yiaod el
I:l ~ Boresight parameters
st veasons (or Lo 10 thange
C ks and bolts 9¢£ losse Q
“Lp gets HAFeAd ajter e ydars
L eXpansion | contraction of vzakérial /
because of thtse — Keep doj‘nj caliration agam avd aoati
~on the g6 ~drive wn Ggure of 8 trafectory, ot witl
calibyate ltsedy .
2
y X2 y / *
& '
x’/ AZ\\ i
. e 3
I Lvenicle —to —&very thing) P Tt
s X * + X

N (vemicle-to-venicle.) (venile-to - infrastruckure)

You ware them, talR to gatk pther and, exchange nforwation divectty
You can jnlorporate relative positioning also using sensors.

|- By gppu/mg the constranl , e Urcertainty 1h position
can be rveauced. -2 inereased, accnracy.

2. o cars inside tunne | You can make tiem. talk. to
ars ouksice tunnel | eath other ard snare some
x- INformation albout dickanie agrd all and then

4 Zalth of tHenn can Lolalise B1eriselves.

Xl £ X2 changing 1,254 —Hxed instrastructure
( distane blw two cars avallable ) laistants w rit - hep availast)

yNs<s
Ranging
HYroscope
Accelerorneter
CLompass
Bayrometer
Magne ineter

| distances avalavle




disadvaniage : ou need deaar Une of sight

advantage: You meed nob have clear Line of Sight. b can also

PasS #rough wWalls. OfLourse quality A249radés soméewhat pub
pokay arnds workable wundlss so many walls. They are cheaper
as Well [ 5 units cost & T 10;000)

TLIIIZIIII R

With VWB, pesple viade PSRC - put them th cars

uwe

DSRC enables Venides o communizate wilie cacko other and
othor yoad users for direet wirelgss exchiarige of V2x L1Ts

Australian company rying to install PSRC tn veniddes ardl
Infrastriuctuie,

— YoUr device send a signat sy nlavby appl
alw/ce.: and thit sends steursly to iCloud ard you car {ind

the  |ocation of Youwy lost iPhore-
2. — W Usts Ultra-Widebarnd (OWR) . e U) &rup Uses
OWB o rmeasure dictare aros directionn bjw devices. h this
Way they communicate with YoUy apple devices arad FlvadMy
J
Find My ~ communiiate to néarby Applt aevices
Aintag -~ uses VWS f(or positi 719

=1:]

x:,rfx) + £
( state transition modet)

concatenation of X1 ayd Xz

Xo, Vo= [@

(X’)K = (X'l)}(_J +l}; AL
Preik-i

inlHally assume uncorrelated

Wy pelame wmove correlated
wltte thne

Zk = hixk)+ Yk Liranisition of et cars
S

are indtpendent of each other
htm+ H lindependut  ypvement)
(measurement modet)
Freix.

cant vave too big) cormplx
network , e e computations 1,

lasey yangey dont werk after /aom

and a (ot gt Liwtations for &
large network.

i =1 (-2, )+ (Y2 )™

=~ O ] ~ott-diagorial element.s wonk ve zero anymere
o n

The More they talk to cach other, the more they beécome fovvelated,
I you know $ese C(orrelations tien its good.

IE Yo dowt Ehow the correlations tun becomes proslent.

Using te distante available,
@an esbmate position
v x/ B
!

Issugs
A —

1.4s network grows , comipetztions fes
nekwork s vouldrit be too large.
X

5 R Vited, comstanmt lomPmunycaliort
cenimalised  approach




X)

£ p= [ p oo ] Initiadty assume uncotrelated
. 0 P but as sty interact, ey

. become Lorrélabed

Fn

A= Jla—x2)2+ (y-%)?

[n #MS pravlem  covvtlation has beicone  wnknown and T

dont have any way of tfinding  whnab s its  correlation .
This {8 unsolleds probleim +ill date, B vezason ba'hj
people donk lenow hpw to £stimate it wel . They use
Ssome statishicad techpugutl  or  ymirdnuze  correlakion.

C gptn reSLAYche Problenu L
s centralized,
N el /></ butter tato
aistributed .

betler estivmates

[ £
B
I ]

centrobized. vs Distributesd

Move ywmber of cars, petter B connectivity avd. wetwork.
Mindmuume  Tuquirement depends on the configuraiion

Belative positioning  wilk be goodk but
Absolute pos;honmg won't pe there.

80, Yot neud £ew ot trem to have GPS installed on theém .

What dow measure and share nud 2t niiesanty be
distancd. It lan pe anyMing hat Yo clan  Lxchiange-

’V : —‘ Ultra Wide bayido
< |

tansmt pulse radio 1o ymdasure distance

BSSL
[Recelver signal strengw |ndicator)

wajp sigral <trengte across all locations
Now fronn current sigrial strengte L can
Mo whére I am avid #rol position

worm-level Within. wmapped aréa.

aceeracy
lndopy localization

Prepare RSST wiap correm‘ﬂﬂ location with signal stengto (RSST)

Matth current signal sbrengtho to traved RSS) Map to estmate
aistanas and thus, position.

lssues with WiEL

positioning actuyacy of argund a room , because the signal
streng dont vary wucks frond ong pt. to arothey wittin a, room.

location Ve strengrt. mab js nol Constant.ut chaviges wilto
e confrguration of roone. ANY rearvangement ar changes
w room Layout afteet RsS) wab vequiving updates for

aclurate POS/thLUﬂj




TS works best for mdooy environment not ouddoor beladse
outdoor envivonmunts changes muh more 1apIAly

It ther is a symmetrical building ie- everytving in it o
Symmetyical e You wolldd vot gt uniqut =igyial
Strengfte 2Veryuwhere .

Affected by location of roukers w e room. If you add
or Move routers (tum on hotspot) e the wap changes.

Wier works well only whar exeyytning is irpwin pretisely
ov Iy envivonwient is statioriary. lt gives yont lend aldiacy.
W means You camn be anYwirere w s voom.

Use S5 1 estimate Aistarice

SSer I T d dsz
_ a ~ d.
sal strengto arstance
o empirical wmodels woat velate SS tp distance. .
a= Lx=%)Z+ (y-Yi)* and  Kn

Lt works welk for Lke walls, factories
dustries, etz where, iere is eer No wmipVement ar wmovemeont
wm a predelined wmanney j.e- there js nio  randomness,

It ako has ‘room leved acedracy bub wib less £Uctuations.

Al Bose signals that were not originally intendéed for positioning
or navigation bub <can ngw be usids for positionng [/ mAavigation.

eg: UWB, WiFi, Cllular (3y)44154) ,€tc.

With new standards and harawares , T can caladlate the Hme
Lt takes (or sigrial to travel trom devite to destination gyl
come  back , called ' ( Rouridk Tip Time).

Now trom wn teved accuyacy —» deu-metre Level aliuracy
positioning just because RTT peing méasured, cewnrately.

2 =(WiFi RTT)X C
But the limitation IS 1t IS Good Cov indooy only.

€q.- LB with cellular towers

From every tower e signal Youtl get
WIlL ko of Qifferent <trength:
ldeally the <troyngest sigral veceved,
will be Erom mearest tpwer:

T cuk Aréas are construited by
Using delamy triangulation. The size
Of the cllly depend, on fte density
OF the cotv tBWEYS |

No- of towers T, gize of #e cells shrink
and e accaray t row.

positional accuracy esbimateds based
o signad streng#o of AArLet dower.

B4 s1gnals gIvesS better accuracy and. can wieqsure KT T ako
whith lo not possible withe 44 sigyals. J
(ki tevel) (m level acaurocy)




ars

celdular WiFr

g B

sSensors

~lan T mare use of all these to develop a compreéhensive
and robust positionirig systeyn 2
~ oW do T comblne atl of titse (nerial  sensors alvvg witio
Wifl so ek T am able 0 kngw posibion everywhere all e time)
~ Bigger vesaard. question ~ people trying o solle for He 1At
few years arnd s not vesolyed . —> ongoing areseavcie
~ can I ow nwwy pesition everywhere T gof

At the nheart of all of tis Lies Kalwmian FEilter gyl
WS variants (o solve Hw pProblews.

Whatever covereol , jUst tp —~—<o mth wiore o Uk about
only w e positisning Ltsels.

Ashwan, ~ Indooy [Posi tfon/'nj usjng Inertial sensors and ows
for apound 4 (lars rioew.

Aman Kumar Singh \ [ITK



